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ABSTRACT
This thesis addresses the design and control of three phase inverters. Such
inverters are used to produce three-phase sinusoidal voltages and currents from a
DC source. They are critical for injecting power from renewable energy sources
into the grid. This is especially true since many of these sources of energy are DC
sources (e.g. solar photovoltaic) or need to be stored in DC batteries because they
are intermittent (e.g. wind and solar). Two classes of inverters are examined in this
thesis. A control-centric design procedure is presented for each class. The first class of
inverters is simple in that they consist of three decoupled subsystems. Such inverters
are characterized by no mutual inductance between the three phases. As such, no
multivariable coupling is present and decentralized single-input single-output (SISO)
control theory suffices to generate acceptable control designs. For this class of
inverters several families of controllers are addressed in order to examine command
following as well as input disturbance and noise attenuation specifications. The goal
here is to illuminate fundamental tradeoffs. Such tradeoffs include an improvement
in the in-band command following and output disturbance attenuation versus a
deterioration in out-of-band noise attenuation. A fundamental deficiency associated
with such inverters is their large size. This can be remedied by designing a smaller
core. This naturally leads to the second class of inverters considered in this work.
These inverters are characterized by significant mutual inductances and multivariable
coupling. As such, SISO control theory is generally not adequate and multiple-input
multiple-output (MIMO) theory becomes essential for controlling these inverters.
i
ACKNOWLEDGEMENTS
I thank my supervisor, Prof. Armando A Rodriguez, for his guidance and
inspiration.
I would also like to thank all my friends, especially Karan Puttannaiah and Parag
Mitra, for useful discussions.
ii
TABLE OF CONTENTS
Page
LIST OF TABLES vi
LIST OF FIGURES ix
CHAPTER
1 INTRODUCTION AND OVERVIEW 1
1.1 The Need for Voltage Source Inverters . . . . . . . . . . . . . . . . . 1
1.1.1 Historical Perspective . . . . . . . . . . . . . . . . . . . . . . . 2
1.1.2 Literature Survey . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Voltage Source Inverters: Needs and Fundamental Questions . . . . . 5
1.3 Thesis Organization . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.4 Summary and Conclusions . . . . . . . . . . . . . . . . . . . . . . . . 7
2 VOLTAGE SOURCE INVERTER: OPERATION AND FUNDAMENTALS 8
2.1 Introduction, Motivation and Overview . . . . . . . . . . . . . . . . . 8
2.2 Voltage Source Inverter: Structure, Operation and Issues . . . . . . . 9
2.3 Specifications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.4 Summary and Conclusions . . . . . . . . . . . . . . . . . . . . . . . . 15
3 MODELING AND DESIGN OF DECOUPLED PLANT 16
3.1 Introduction, Motivation and Overview . . . . . . . . . . . . . . . . . 16
3.2 LCL Filter: Model and Justification . . . . . . . . . . . . . . . . . . . 16
3.3 LCL Design Criteria . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.4 LCL Filter (Plant) Design Process . . . . . . . . . . . . . . . . . . . . 23
iii
CHAPTER Page
3.5 LCL Filter (Plant) Design Numerics . . . . . . . . . . . . . . . . . . . 29
3.6 Summary and Conclusions . . . . . . . . . . . . . . . . . . . . . . . . 33
4 DECENTRALIZED CONTROL OF DECOUPLED PLANT 34
4.1 Controller Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
4.2 Control Design Process . . . . . . . . . . . . . . . . . . . . . . . . . . 35
4.3 Frequency Domain Trade Studies . . . . . . . . . . . . . . . . . . . . 36
4.4 Time Domain Simulation . . . . . . . . . . . . . . . . . . . . . . . . . 53
4.5 Additional Observations . . . . . . . . . . . . . . . . . . . . . . . . . 57
4.6 Summary and Conclusions . . . . . . . . . . . . . . . . . . . . . . . . 60
5 MODELING AND DESIGN OF THE COUPLED PLANT 61
5.1 Introduction, Motivation and Overview . . . . . . . . . . . . . . . . . 61
5.2 Size Reduction and Mutual Inductance: A Coupled LCL Plant . . . . 61
5.3 Coupled Plant Design Process . . . . . . . . . . . . . . . . . . . . . . 66
5.4 Coupled Plant Numerics . . . . . . . . . . . . . . . . . . . . . . . . . 67
5.5 Coupled Plant Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 67
5.6 Summary and Conclusions . . . . . . . . . . . . . . . . . . . . . . . . 73
6 CENTRALIZED CONTROL OF COUPLED PLANT 74
6.1 Introduction and Overview . . . . . . . . . . . . . . . . . . . . . . . 74
6.2 Description of the H∞ Mixed-Sensitivity Design Methodology . . . . 74
6.3 Application of H∞ Mixed-Sensitivity Method to Coupled Plant . . . 77
6.3.1 Weighting Functions . . . . . . . . . . . . . . . . . . . . . . . 78
6.3.2 Frequency Domain Results . . . . . . . . . . . . . . . . . . . . 78
6.3.3 Time Domain Results . . . . . . . . . . . . . . . . . . . . . . 79
iv
CHAPTER Page
6.4 Summary and Conclusions . . . . . . . . . . . . . . . . . . . . . . . . 82
7 SUMMARY AND FUTURE DIRECTIONS 83
REFERENCES 84
APPENDIX 88
A MATLAB CODES . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
v
LIST OF TABLES
Table Page
3.1 Final Design Parameters . . . . . . . . . . . . . . . . . . . . . . . . . 33
4.1 Variation in the Bandwidth with ωr2 . . . . . . . . . . . . . . . . . . 53
4.2 Variation in the Bandwidth with β1 . . . . . . . . . . . . . . . . . . . 53
vi
LIST OF FIGURES
Figure Page
2.1 Three Phase Grid Connected Inverter With a Third Order (LCL) Filter 10
3.1 Single Phase LCL Filter Schematic . . . . . . . . . . . . . . . . . . . 17
3.2 Single Phase L Filter Schematic . . . . . . . . . . . . . . . . . . . . . 21
3.3 Comparison of Harmonic Attenuation of LCL and L Filters . . . . . . 21
3.4 A Plot of THD versus rf . . . . . . . . . . . . . . . . . . . . . . . . 27
3.5 Variation of the THD with the Plant Parameters . . . . . . . . . . . 30
3.6 Variation of the Power Factor with the Plant Parameters . . . . . . . 30
3.7 Variation of the Resonance Frequency with the Plant Parameters . . 31
3.8 Variation of the Size with the Plant Parameters . . . . . . . . . . . . 31
3.9 Bode Plot for the Designed LCL Plant (for Both Damped and Un-
damped Cases) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
4.1 Variation in the Gain Margin with β2 and ωr2 . . . . . . . . . . . . . 37
4.2 Variation in the Phase Margin with β2 and ωr2 . . . . . . . . . . . . . 38
4.3 Variation in the Peak S with β2 and ωr2 . . . . . . . . . . . . . . . . 38
4.4 Variation in the Peak T with β2 and ωr2 . . . . . . . . . . . . . . . . 39
4.5 Variation in the minimum closed loop damping with β2 and ωr2 . . . 39
4.6 Variation in the Peak KS with β2 and ωr2 . . . . . . . . . . . . . . . . 40
4.7 Variation in the Peak PS with β2 and ωr2 . . . . . . . . . . . . . . . 40
4.8 Variation in the Gain Margin with g and ωr2 . . . . . . . . . . . . . . 41
4.9 Variation in the Phase Margin with g and ωr2 . . . . . . . . . . . . . 41
4.10 Variation in the Peak S with g and ωr2 . . . . . . . . . . . . . . . . . 42
4.11 Variation in the Peak T with g and ωr2 . . . . . . . . . . . . . . . . . 42
vii
Figure Page
4.12 Variation in the minimum closed loop damping with g and ωr2 . . . . 43
4.13 Variation in the Peak KS with g and ωr2 . . . . . . . . . . . . . . . . 43
4.14 Variation in the Peak PS with g and ωr2 . . . . . . . . . . . . . . . . 44
4.15 Variation in the Gain Margin with g and β2 . . . . . . . . . . . . . . 44
4.16 Variation in the Phase Margin with g and β2 . . . . . . . . . . . . . . 45
4.17 Variation in the Peak S with g and β2 . . . . . . . . . . . . . . . . . . 45
4.18 Variation in the Peak T with g and β2 . . . . . . . . . . . . . . . . . 46
4.19 Variation in the minimum closed loop damping with g and β2 . . . . 46
4.20 Variation in the Peak KS with g and β2 . . . . . . . . . . . . . . . . . 47
4.21 Variation in the Peak PS with g and β2 . . . . . . . . . . . . . . . . 47
4.22 Families of Open Loop Maps . . . . . . . . . . . . . . . . . . . . . . . 48
4.23 Families of Sensitivity (S) Plots . . . . . . . . . . . . . . . . . . . . . 49
4.24 Families of Complementary Sensitivity (T) Plots . . . . . . . . . . . 49
4.25 Families of magnified Sensitivity (S) Plots . . . . . . . . . . . . . . . 50
4.26 Families of Open Loop (L) Plots . . . . . . . . . . . . . . . . . . . . . 51
4.27 Families of Sensitivity (S) Plots . . . . . . . . . . . . . . . . . . . . . 51
4.28 Families of magnified Sensitivity (S) Plots . . . . . . . . . . . . . . . 52
4.29 Closed Loop System . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.30 Switching Circuit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.31 Three-Phase LCL Filter . . . . . . . . . . . . . . . . . . . . . . . . . 55
4.32 Grid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
4.33 Control Signals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
4.34 Output Current . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
4.35 Error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
viii
Figure Page
4.36 PWM Signals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
4.37 Filter (Plant) Input Current . . . . . . . . . . . . . . . . . . . . . . . 59
5.1 3-Phase 3-Column Coupled Inductors: (a) EI Structure, (b) EE Struc-
ture. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
5.2 Comparison of 3-Phase Core Structures: (a) Traditional Three Sepa-
rate Cores (b) Integrated Reduced Size Core. . . . . . . . . . . . . . . 62
5.3 Three-Phase Three-Leg Magnetically Coupled LCL Filter Schematic . 68
5.4 Plant Singular Values . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
5.5 Plant (without series resistance) Singular Values . . . . . . . . . . . . 73
6.1 Generalized Feedback System . . . . . . . . . . . . . . . . . . . . . . 75
6.2 H∞ Mixed Sensitivity . . . . . . . . . . . . . . . . . . . . . . . . . . 76
6.3 Weighting Function W1 . . . . . . . . . . . . . . . . . . . . . . . . . 78
6.4 Weighting Function W2 . . . . . . . . . . . . . . . . . . . . . . . . . 79
6.5 Weighting Function W3 . . . . . . . . . . . . . . . . . . . . . . . . . 79
6.6 Singular Values of the Closed Loop Sensitivity . . . . . . . . . . . . . 80
6.7 Output Currents of the Coupled Inverter . . . . . . . . . . . . . . . . 81
6.8 Error Signal of the Closed Loop System with the Multi-variable Control 81
6.9 Error Magnified . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
ix
Chapter 1
INTRODUCTION AND OVERVIEW
1.1 The Need for Voltage Source Inverters
Renewable energy is of paramount importance today because of depleting fossil fuel
reserves. Moreover, both these traditional fuels as well as nuclear power are not
environment friendly. Thus, there is an urgent need to switch to renewable sources
of fuel like solar or wind.
Two features of these sources of energy stand out. Firstly, these do not produce
traditional sinusoidal voltages and currents and are difficult to store. As such, these
sources are typically connected to the electric power grid via a dc to ac converter
(called an inverter) or stored in dc batteries which too are connected to the grid via
inverters. Hence, it is evident that an inverter plays a key role in supplying power
from renewable energy sources into the grid.
Keeping this in mind, this thesis attempts to study the accurate modeling, design
and control of three phase voltage source inverters which are connected to the grid. A
key component of these voltage source inverters is the filter which is used to connect
them to the grid. Since the power conversion in an inverter is via a switched power
electronic circuit, the ac voltages and currents produced by the inverter contain
various high frequency harmonics which cannot be allowed to enter the utility power
grid. Thus, the design of the inverter primarily involves designing an LCL filter for
connecting it to the grid.
Apart from reviewing the filter design for three phase inverters based on a com-
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prehensive literature review, this thesis also presents the decentralized control of
the inverter. A generalized controller structure is presented and it is shown that
this reduces to the traditional proportional - resonant (PR) structure under certain
conditions. This controller is used to study pertinent trade-offs in the design process.
Moreover, the issue of reduction of the filter size is also addressed since inductors
wound on integrated magnetic cores are modeled in state space while considering
mutual inductance coupling the three phases. This model is used to show that the
decentralized controller structure is not sufficiently robust in the presence of mutual
inductance and a multi-variable controller is proposed in order to reliably control the
coupled inverter.
1.1.1 Historical Perspective
From around 1892, power converters were in use which converted AC to DC power.
These were called rotary converters (later synchronous converters) and were manu-
factured until about 1950 when they were phased out and germanium diodes were
introduced [1]. In the meantime around 1925, David Prince published an article
in the GE Review titled "The Inverter"[2]. It was envisioned to be a device that
works like a rectifier but in an inverted mode of operation, hence an inverter. By
1936, it appeared in literature from different parts of the world including Europe and
Japan[1].
The full potential of inverters and rectifiers could only be realized with the
development of the thyristor in 1950(which GE engineers called a ’Silicon Controller
Rectifier’) which opened up the field to mass application of power electronics, and
in particular the use of forced commutated inverters[1].
In recent years, concern over high energy prices, depletion of fossil fuels and also
2
serious environmental issues raised over the use of fossil fuels has led to a surge in
the generation of electricity from clean renewable energy sources[7, 15]. In the 1970s
solar cells started to become price effective[5], moreover wind energy technology was
also advanced[6].
With the advent of pulse width modulated (PWM) switched converters, small
scale generating technologies which harvest power in the form of DC from these
renewable sources are developed. But since these aren’t natural 50 or 60 Hz sources,
as required for the conventional utility grid, the DC/AC inverters are required to
integrate these sources with the power grid.
However, the power electronic devices used in these voltage source inverters (VSI),
inject undesirable harmonics affecting the nearby loads at the point of common
coupling (PCC) to the utility grid breaching the typical standards for grid intercon-
nection. Hence, a VSI is required to be interfaced with a filter to reduce harmonics
in the output current to desirable limits. Moreover, mass production, portability
and ease of use of these inverters have also become important leading to the use of
inductance-capacitance-inductance (LCL) filters with the inverter which have to be
designed to have minimum possible size and price. Thus, there has been a renewed
interest in the research on modeling, design and control of three phase inverters using
LCL filters over the past decade.
1.1.2 Literature Survey
Relevant technical literature has been reviewed in order to form a foundation for
the research presented in this thesis. There are some major issues which have been
raised in the literature or are missing from the same. Among these, the following
have been addressed in this thesis:
3
• Plant Design (designing the LCL filter for the inverter)
• Decentralized Controller Design
• Modeling the New LCL Filters with Integrated Magnetic Core (which results
in the three phases being magnetically coupled)
• Analyzing Multi-variable Controller Design for the Coupled Inverter
Plant Design is of paramount importance in order to obtain an inverter producing
acceptable sinusoidal currents and voltages with very low harmonic content and
minimal size. In our case the plant is the LCL filter and hence for a three phase
inverter we have a ninth order plant. However, since the three phases are designed
to be identical, only four main parameters need be chosen. These are the two
inductances, the capacitance and the resistor placed in series with the capacitor
for damping the plant.
It has been mentioned in the literature that there is a dearth of systematic design
procedures for the LCL filter and no universally agreed-upon methodology [8, 9].
Thus, available plant design procedures have been surveyed [8],[10]-[15].
Decentralized Controller Design has also been reviewed. One of the most promi-
nent controllers presented in the literature is the proportional plus resonant (PR)
controller [16]-[19]. This structure is popular for the reason that it provides an infinite
gain at 60 Hz and hence can achieve zero steady state error for tracking sinusoidal
references.
Filters with integrated magnetic cores were reviewed and description of the core
structures for implementing these filters were found in the literature [20]-[22]. It was
mentioned that this new core structure leads to the presence of mutual inductance
between the three phases. However, there is a reduction in volume and magnetic
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material with these integrated core structures [20]-[22]. None of these papers pre-
sented a generalized state space model of the inverter with coupling due to mutual
inductance as has been addressed in this thesis.
Multi-variable Controller Design for a magnetically coupled three phase inverter
has been implemented based on a H∞ Design Methodology available in the literature
[23].
1.2 Voltage Source Inverters: Needs and Fundamental Questions
The literature survey reveals that there is a dearth of information on the systematic
design of the LCL filter for the inverter as well as no state space model for the
three phase inverter with mutual inductance. Furthermore, the decentralized con-
troller typically implemented is a proportional plus resonant (PR) controller which
hasn’t been analyzed in the frequency domain considering the presence of dc input
disturbances and the need to aid the plant in attenuating high frequencies. These
important issues are addressed in this thesis while attempting to answer the following
critical question:
When is a decentralized controller sufficient for controlling the plant ?
Answer to this critical question is provided along with
• a systematic design methodology for the plant,
• alternate decentralized controllers that eliminate DC input disturbances,
• a state space model for the coupled plant and
• an H∞ Mixed Sensitivity multi-variable controller design for the coupled in-
verter.
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1.3 Thesis Organization
The rest of the thesis is organized as follows:
Chapter 2 deals with introductory material on three phase power systems and on
the operation of the inverter. The operation of the inverter in open or closed loop
is explained and the components of the closed loop inverter system are discussed.
Pertinent specifications for designing the inverter are also presented.
In Chapter 3 we tackle plant (the LCL filter) design. We begin by reviewing the
pertinent linearized mathematical model, relevant transfer functions, control issues
like resonance and also appropriate specifications. Important design constraints like
limits on power factor and total harmonic distortion (THD) and the sizes of the
passive elements like inductors, capacitors and the damping resistor are studied.
A step-by-step design procedure is then constructed from this study. Required
specifications are presented, the design process is illustrated and a suitable design
is selected.
Next in Chapter 4, the decentralized control is analyzed. A general structure for
the controller is presented and used to demonstrate pertinent trade-offs in controller
design (between in-band command following and out-of-band noise attenuation and
the bode integral push-pop effect). The analysis is also used to propose a controller
design methodology for the structure proposed. Simulation results with a typical
controller are also included.
In Chapter 5, the second-class of inverters studied in this thesis are introduced
which have coupling between the three phases, because of the use of an integrated
core structure. These are modeled in state space and the singular values of the
coupled plant are presented.
Moving on to chapter 6, an H∞ multi-variable controller is designed in order to
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control the coupled plant. Time and frequency domain results are presented.
Finally in Chapter 7, a summary of the results is presented and the possibility of
future work and the scope of further research in this field are mentioned.
1.4 Summary and Conclusions
Three-phase inverters were introduced and a brief background was provided for these
devices. The contributions of this thesis were presented along with an outline for the
rest of the thesis.
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Chapter 2
VOLTAGE SOURCE INVERTER: OPERATION AND FUNDAMENTALS
2.1 Introduction, Motivation and Overview
A Three Phase Power Supply:
A three phase power supply consists of three sinusoidal voltages and/or currents,
each having exactly the same magnitude and the three phases differ only in the
phase angle of the sinusoidal waves. The phase angles of the three sine waves are 00,
1200 and 2400 respectively.
Advantages of a Three Phase Power Supply:
1. The sinusoidal voltages and currents produced can be stepped up using a
transformer while DC voltages and currents cannot be.
2. The power delivered to a three phase load is constant.
Choice of the 60 Hz Frequency:
There are two frequencies used for transmitting three phase power [2]:
• 60 Hz (used in countries like the USA, Canada, Brazil, etc.)
• 50 Hz (used in countries like the UK, India, China etc.)
Although the 60 Hz frequency is ubiquitous in the USA, this section explores the
history that led to 60 Hz being chosen as the power frequency. Before 1889, single
phase 133.33 Hz and 125 Hz systems were in use. Around 1890, it was recognized that
for applications like direct coupled and engine type alternators 133.33 cycles would
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present considerable difficulties due to the large number of poles in comparison to
some much lower frequency.
Number of poles (P) = 120×f
N
where f = frequency in Hertz and N = synchronous
speed in RPM (revolutions per minute)
Thus, for a lower frequency we can get by with a lower number of poles which
is more economical. It might appear that an extremely low frequency is desirable,
however this idea is misplaced.
We know that for a transformer: φmax = V√2pifN If one considers the operation
of transformers, for the same voltage level (V) and number of turns (N), a higher
frequency (f) would lead to lower peak flux (φmax) and hence the transformer would
be smaller.
Thus, there is a clear trade-off between the sizes of the alternator and the
transformers that would be required. Hence, a consensus was reached that 60 Hz
was about as high as would be desirable.
2.2 Voltage Source Inverter: Structure, Operation and Issues
The voltage source inverter (VSI) is a power electronic circuit that convert DC signals
to AC. Typically, the renewable energy sources like photo-voltaic (PV) cells produce
DC current and power which need to be converted to AC through a VSI in order to
be supplied to local load or the utility grid.
A VSI comprises of:
• DC source: a source of energy that produces DC voltages and currents e.g.
PV, fuel cells, batteries etc.
• Switching circuit: it is a bridge configuration that consists of power electronic
switches (e.g. IGBT’s , MOSFET’s, thyristors etc.) The bridge circuit for a
9
Figure 2.1: Three Phase Grid Connected Inverter With a Third Order (LCL) Filter
three phase inverter consists of three legs with two switches each. These are
controlled using gating signals from the pulse width modulation circuit.
• Passive filter for connecting to the grid: since the voltages and currents of a VSI
contain switching harmonics, they need to be filtered using a passive circuit
(for example an inductive-capacitive-inductive LCL circuit).
• Voltage and current sensors: in order to implement the closed loop current or
voltage control, the current or voltage at the output of the inverter is required
to be sensed.
• Controller: its job is to facilitate closed loop operation of the inverter. It is
designed to ensure closed loop stability and command following.
• Pulse Width Modulator: for generating the gating signals for the switches
Types of VSI’s:
1. Single phase inverter
10
2. Three phase inverter
Need for Filtering in Three Phase Inverters
Various distributed generation (DG) systems like photo-voltaic (PV) and fuel
cells produce energy in the form of DC voltage sources. Moreover, wind produces
variable AC and must be converted to DC also. Thus, when interfaced with a
DC/AC inverter, these DG systems can supply energy into the utility grid. However,
the power electronic devices used in these voltage source inverters (VSI), inject
undesirable harmonics affecting the nearby loads at the point of common coupling
(PCC) to the utility grid breaching the typical standards for grid interconnection.
Hence, a VSI is required to be interfaced with a filter to reduce harmonics in the
output current to desirable limits.
LCL Design Factors
A simple first order L filter is not only bulky but fails to meet the stringent
specifications for harmonic attenuation [15]. A third order LCL filter [10],[15] is now
commonly used to achieve a higher attenuation [13] and standards with significant
size and cost reduction of the components. However designing an LCL filter systemat-
ically is a complex task. Quite a few important factors namely output current ripple,
current harmonics sourced by insulated gate bipolar transistor (IGBT) switches,
series fundamental drop, desirable power factor, resonance frequency, control stability
are needed to be considered carefully [12, 15]. Also, attention must be paid to the
overall filter size and cost of its components while selecting various parameters for
an efficient design.
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Nominal System Parameters
fg Grid frequency or fundamental frequency in Hertz
fsw PWM carrier frequency
ωres Resonance frequency
Pn Rated active power
En Line to line RMS voltage
VDC DC link voltage
L1 Inverter side inductor
L2 Grid side inductor
C Capacitor
Rd Damping Resistor
Vg Grid voltage
Base values:
Base voltage = VB = En =
√
3Vg
Base Impedance = ZB = E
2
n
Pn
Base angular frequency = ωg = 2pifg
Base capacitance = CB = 1ωgZB
Base Inductance = LB = ZBωg
Any quantity when divided by its base value will be expressed in p.u. (per unit).
Important Ratios
• Ratio between the LCL filter inductances, also called split factor
rl =
L2
L1
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• Ratio between the LCL filter capacitance and the total inductance in p.u.,
rq =
c
lT
=
Z2BC
LT
where LT = L1 + L2, c and lT are expressed in their p.u. values respectively.
• Ratio between the switching and resonance frequency
rf =
fsw
fres
=
ωsw
ωres
System Parameters
The following system parameters are considered for designing the requisite LCL
filter (plant)[8].
VDC = 400 V ;
Vg = 120 V;
En = 120
√
3 V ;
Pn = 5 kW ;
ωg = 2pi ∗ 60 radsec ;
fsw = 15kHz;
ωsw = 2pi15000
rad
sec
;
mf =
fsw
fg
= 15000
60
= 250;
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ZB = 8.64Ω
LB = 22.91mH
CB = 307.012µF
Examples of 5 kW loads include electric unit heaters, cast iron stoves etc.
Voltage Source Inverter: Operation and Fundamentals
Open Loop Operation
The VSI switching circuit receives gating signals from the Pulse Width Modulator
and the power electronic switches are switched on and off. This leads to an output
voltage that has a desired fundamental component, but also contains switching
harmonics. These undesirable harmonics are filtered out through a passive filter
and the current injected into the grid is a nearly perfect sinusoid.
Closed Loop Operation
If the output current is sensed and compared with a reference, we get an error
signal. This is fed to an appropriately designed controller which produces a control
signal. This is sent to the Pulse Width Modulator which generates the desired gating
signals. If properly implemented the closed loop operation results in a zero steady
state error and the output current tracks the reference given to the control system.
2.3 Specifications
Following are a few important criteria for designing the LCL filter:
14
• Fulfillment of reactive volt-ampere reactive (VAR) limits (power factor nearly
equal to 1)
• Optimal volume and weight with resulting minimum cost of passive (inductive
and capacitive) components
• Attenuation of higher order harmonics from the output current (THD≤0.003)
• Proper choice of resonance frequency such that the switching harmonics are
sufficiently attenuated and the size of the filter components is not too large
[12] (ωg × 10 ≤ ωres ≤ 0.5× ωsw).
2.4 Summary and Conclusions
The operation of a three-phase voltage source inverter in the current controlled mode
was discussed in this chapter. The structure and components of the closed loop
system were presented and a typical set of system parameters was chosen for the
design of the filter. Specifications were provided to motivate the plant design which
is to be presented in the following chapter.
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Chapter 3
MODELING AND DESIGN OF DECOUPLED PLANT
3.1 Introduction, Motivation and Overview
The design of the decoupled plant is addressed and a methodology is provided based
on a thorough literature review. The specifications and system parameters provided
in the preceding chapter are the basis for our design.
3.2 LCL Filter: Model and Justification
In this section we model an inverter with an LCL filter and provide justification for
using a third order filter.
Important Transfer Function
Transfer functions are the ratios between various input to output Laplace-transformed
complex currents and voltages. The most pertinent transfer function for this LCL
filter is from the inverter voltage to the grid current that is injected and is given by
HLCL(s) =
Ig(s)
Vi(s)
=
CRDs+ 1
DLCL (3.1)
where
DLCL = CL1L2s3 + (CL1R2 + CL2R1 + CL1RD + CL2RD)s2
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+ (L1 + L2 + CR1R2 + CR1RD + CR2RD)s+ (R1 +R2) (3.2)
obtained using the equation
HLCL(s) = C(sI −A)−1B +D. (3.3)
where the full state space model (A,B,C and D matrices) will be presented in the
next section. Neglecting all the three resistances, equation 3.1 reduces to:
HLCL(s) =
1
CL1L2s3 + (L1 + L2)s
(3.4)
Mathematical Model of LCL Filter
Figure 3.1 describes the topology of an LCL filter. Vi and Vg are the inverter voltage
(input) and grid voltage, respectively. Similarly, Ii, Ic and Ig are the inverter,
capacitor and the grid currents, respectively.
Figure 3.1: Single Phase LCL Filter Schematic
Applying Kirchhoff’s voltage and current laws to figure 3.1, we obtain the follow-
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ing:
Ii − Ig = Ic
Ic = C × dVc
dt
VL1 = L1 × dIi
dt
= Vi −R1Ii − Vc −RDIc
VL2 = L2 × dIg
dt
= Vc − Vg +RDIc −R2Ig (3.5)
Rearranging these, we get:
dIi
dt
=
1
L1
[−(R1 +RD)Ii +RDIg − Vc + Vi]
dIg
dt
=
1
L2
[RDIi − (R2 +RD)Ig + VC − Vg]
dVc
dt
=
1
C
[Ii − Ig] (3.6)
The representation of equation 3.6 in state space form is

dIi
dt
dIg
dt
dVc
dt

=

−(R1+RD)
L1
RD
L1
−1
L1
RD
L2
−(R2+RD)
L2
1
L2
1
C
−1
C
0


Ii
Ig
Vc

+

1
L1
0
0 −1
L2
0 0


Vi
Vg
 (3.7)
We define the state vector as
x =

Ii
Ig
Vc
 (3.8)
and the input vector as
u =
 Vi
Vg
 (3.9)
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The output (Y ) equation:
y = Ig = (0)Ii + (1)Ig + (0)Vc + (0)Vi + (0)Vg (3.10)
The state space representation of this equation is
y = ( 0 1 0 )

Ii
Ig
Vc
+ ( 0 0 )
 Vi
Vg
 (3.11)
We now write the complete state space form of the LCL filter model (equation 3.7
and 3.11 ) as
x˙ = Ax+ Bu
y = Cx+Du (3.12)
Where the matrices A,B, C,D are defined as
A =

−(R1+RD)
L1
RD
L1
−1
L1
RD
L2
−(R2+RD)
L2
1
L2
1
C
−1
C
0

B =

1
L1
0
0 −1
L2
0 0

(3.13)
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C = ( 0 1 0 )
D = ( 0 0 )
Need for a Third Order Filter
Herein, we compare a first order (L) filter to a third order (LCL) one and show that
a third order filter is superior at attenuating higher harmonic frequencies [13].
Defining
XL = ωgL
X1 = ωgL1
X2 = ωgL2
XC =
1
ωgC
ω = hωg (3.14)
and using equation 3.4 we obtain the harmonic transfer function as
HLCL(jhωg) =
Ig(jhωg)
Vi(jhωg)
=
−j
hωg(−h2ω2gL1L2C + L1 + L2)
. (3.15)
Therefore,
|HLCL(jhωg)| =
∣∣∣∣∣Ig(jhωg)Vi(jhωg)
∣∣∣∣∣
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Figure 3.2: Single Phase L Filter Schematic
=
∣∣∣∣∣ −jhωg(−h2ω2gL1L2C + L1 + L2)
∣∣∣∣∣
=
∣∣∣∣∣ 1hωg[L1 + L2 − h2ω2gL1L2C]
∣∣∣∣∣
=
∣∣∣∣∣∣ 1h [X1 +X2 − h2X1X2XC ]
∣∣∣∣∣∣ (3.16)
Figure 3.3: Comparison of Harmonic Attenuation of LCL and L Filters
When C = 0, it reduces to an L filter [13] (figure 3.2) with L = L1 + L2 and the
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above transfer function is
|HLCL(jhωg)| = 1
hXL
(3.17)
Considering X1, X2, Xc in per unit values as:
x1 = x2 = 0.05; xc = 135.115;
Figure 3.3 depicts the excellent higher order harmonic suppression ability of an
LCL filter in comparison to an L filter.
3.3 LCL Design Criteria
Following are a few important criteria for designing the LCL filter:
• Fulfillment of reactive volt-ampere reactive (VAR) limits (power factor nearly
equal to 1)
• Optimal volume and weight with resulting minimum cost of passive (inductive
and capacitive) components
• Attenuation of higher order harmonics from the output current (THD≤0.003)
• Proper choice of resonance frequency such that the switching harmonics are
sufficiently attenuated and the size of the filter components is not too large
(ωg × 10 ≤ ωres ≤ 0.5× ωsw)[12].
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3.4 LCL Filter (Plant) Design Process
In a typical three-phase inverter, the three phases are identical and separate from
each other. This leads to three decoupled systems, each of which is like a single phase
inverter.
Since we are designing an inverter with an LCL filter, each phase will have three
main components, two inductances and a capacitance, as well as series resistances.
Each of these inductors are wound on isolated cores.
The following paragraphs will discuss the various factors to be considered in the
plant design in some depth:
Resonance frequency in terms of LCL Filter Components
Equation 3.4 gives,
ω3resL1L2C − ωres(L1 + L2) = 0 (3.18)
or,
ω2res =
L1 + L2
L1L2C
(3.19)
With LT = L1 + L2 to be the total value of inductance and inductance split ratio
rl = L2/L1,
ω2res =
1
C × LT rl(rl+1)2
(3.20)
or
CLT =
1
ω2res
rl
(rl+1)2
. (3.21)
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Setting the derivative of CLT with respect to rl to be zero, for a fixed ωres, we get
rl = 1 giving the minimum value of (CLT ). For L1 = L2,
ω2res =
4
CLT
. (3.22)
So, an important observation is that for a particular choice of C, selecting rl = 1
or L1 = L2 will result in the minimum total inductance LT .
Why can’t we have the resonant frequency of the filter at 60 Hz ?
To answer this question, let us estimate what the size of the filter components
would be if we want the resonant frequency to be at 60 Hz. Let LT be the total
inductance and C be the total capacitance. We know that
ωres = 2√LTC when L1 = L2 =
LT
2
which is a condition for minimum size[15]
Thus, if ωres is 2pi60 radsec , then
√
LTC =
2
2pi60
= 0.0053→ LTC = 2.8145× 10−5
The capacitance C cannot be greater than 0.05 p.u.[12] = 0.05 ×Cbase = 0.05×3.0701
×10−4 = 15.35 µF
Taking C to be its maximum value, i.e. C = 15.35 µF , in order to get the resonance
at 60 Hz, LT will need to be 1.8336 H. Now, an inductor of 0.8 mH weighs around 160
g[36], thus the required inductor of 1.8336 H might weigh 1.8336
0.0008
× 160 g = 366.72 kg
!!! Even though L1 and L2 would be half this value, they would still be considerably
big and heavy !!!
Reactive Power and Power Factor Requirements
The power factor (cosφ) is the cosine of the phase angle (φ) between the grid current
and the grid voltage.
For our plant, we design for a nearly unity power factor (PF), since the inverter
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is being designed only for injecting real power into the grid. The PF is defined as:
PF = Real Power
Apparent Power
= 1√
1+q2
where the reactive power q in p.u. is given by [27]
q =
(rq − 1)√
rq
(1 + rl)√
rl
rffg
fsw
(3.23)
To avoid converter over-rating q should be nearly zero giving rq ≈ 1.
Total Stored Energy (WT ) in the LCL Filter Components of a 3-phase Inverter
WT gives a measure for the size and cost of the passive components. The stored
energy in the per unit system is [27]
wT =
3
2
(lT + c)
=
3
2
rf
fg
fsw
(1 + rl)√
rl
(1 + rq)√
rq
(3.24)
For a fixed rf and rq, rl = 1 yields the minimum stored energy. Similarly, with rl
and rf constant, rq = 1 also corresponds to the minimum stored energy.
Total Harmonic Distortion (THD) in the Grid Current
Total Harmonic Distortion (THD) is a measure of the deviation of the output current
from a perfect sinusoid. From Fourier analysis, we know that a distorted sine wave
can be decomposed into component harmonics. Hence[10]:
THD =
√
h=250∑
h=2
I2(h)
I(1)
where I(1) is the fundamental (60 Hz) component of the grid current (Ig). Also,
I(h) is the hth harmonic of the grid current.
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An estimate of the THD for a space vector PWM inverter is given by[27],[30]:
THD =
pi
12
VDC
Vg
√
rq
r3f
√
rl
1 + rl
 1
(1− 6
mf
)2 − 1
r2
f
 f(m) (3.25)
where
mf =
fsw
fg
;
f(m) =
√√√√[3
2
m2 − 4
√
3
pi
m3 +
9
8
(
3
2
− 9
8
√
3
pi
)
m4
]
(3.26)
m is the modulation index expressed as (neglecting the LCL filter capacitor
branch at ω = ωg),
m =
2
√
2Vg
VDC
√√√√1 + (LT
LB
)2
(3.27)
In the above expression it has been assumed (mf − 6)ωg > ωres
It is required that THD ≤ 0.003[15].
Plant (LCL Filter) Design
In order to design the filter we consider the following requirements:
• set rl = 1 and rq ≈ 1, ensuring minimum values for LT (L1 = L2 = LT/2) and
C and minimum stored energy (which is a measure of size [14])
• get an estimate of rf , giving reasonable attenuation at the switching frequency
(fsw = 15000 Hz = 94248 rad/sec) using the systems specifications
• ensure that the resonant peak is far away from both the power frequency (60
Hz) and the switching frequency (15000 Hz) (10fg < fres < 0.5fsw)
A plot of THD versus rf is shown in figure 3.4 which clearly depicts that for a
fixed switching frequency, THD decreases with lower values of resonance frequency.
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Figure 3.4: A Plot of THD versus rf
Design Procedure Steps:
1 Select the system specifications
2 Define the base quantities
3 Define pertinent ratios:
• rl = inductance split factor = Grid side inductanceInverter side inductance
• rq = ratio between the LCL filter capacitance and the total inductance in
p.u.= c
lT
= Z
2
baseC
LT
where LT = L1 + L2
c and lT are expressed in their p.u. values respectively
• mf = ratio between the switching and the fundamental frequency
= fsw
fg
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• rf = ratio between the switching and the resonant frequency
= fsw
fres
4 Select rl:
Choosing r` = 1 (L1 = L2) will result a minimal size, minimum total inductance
LT for a particular resonance frequency. Minimum LT implies that there will
be a minimum voltage drop, and so a higher dynamic response.
5 Select resonance frequency ωres and the ratio rf :
The resonance frequency is chosen such that it is greater than ten times the
grid frequency since this would lead to acceptable component values, and less
than half the switching frequency so that the switching harmonics are properly
attenuated.
10ωg < ωres < 0.5ωsw
Once ωres is chosen, rf is determined as
rf =
ωsw
ωres
.
7 Generate all acceptable designs by varying total inductance (LT ) and capac-
itance(C) satisfying the limits on the power factor, total harmonic distortion
and ensuring that ωres is within acceptable limits, LT ≤ 0.1p.u. and C ≤ 0.05
p.u.
8 Select a set of acceptable designs, if found.
9 If no acceptable design is found, review the specifications and relax some of
them if required and iterate.
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10 For a selected value of LT and C, a damping resistance can now be chosen as:
RD =
1
3ωresC
.
It is worth noting that the parameters mentioned above were designed under
certain assumptions such as ideal power electronic switches, a constant DC link
voltage and no perturbations in the output grid voltage. Moreover, the formula for
estimating THD is approximate[27]. Hence, assuming a certain margin in order to
account for the above mentioned factors might be advisable.
3.5 LCL Filter (Plant) Design Numerics
The design procedure outlined above was followed and the following figures show
contour plots where the variation in the design parameters is plotted versus the
inductance and capacitance in p.u.. The stored energy in p.u. (wT ) is taken to be a
measure of size [27].
From figure 3.5 to figure 3.8 we see that as the THD and power factor are improved
and a small resonance frequency (away from 15 kHz) is selected, we don’t get the
smallest size. However, obtaining the smallest size is not necessary as long as the
inductance and capacitance are reasonably sized.
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Figure 3.5: Variation of the THD with the Plant Parameters
Figure 3.6: Variation of the Power Factor with the Plant Parameters
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Figure 3.7: Variation of the Resonance Frequency with the Plant Parameters
Figure 3.8: Variation of the Size with the Plant Parameters
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Figure 3.9: Bode Plot for the Designed LCL Plant (for Both Damped and Undamped
Cases)
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Thus the final design parameters are summarized in table 3.1:
Table 3.1: Final Design Parameters
LT 1.13468 mH
C 15.3505925 µF
L1 = L2 0.56734281 mH
ωres 27719.93703 rad/sec (4411.765 Hz)
RD 2.00586 Ω
ωg 376.9911 rad/sec (60 Hz)
fsw 15000 Hz = 94247.77961 rad/sec)
3.6 Summary and Conclusions
In this chapter, a design methodology was provided for the decoupled plant (LCL
Filter) based on a relevant mathematical model.
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Chapter 4
DECENTRALIZED CONTROL OF DECOUPLED PLANT
4.1 Controller Structure
The current-control of the three phase inverter involves controlling the three phases
separately in order to regulate the current being injected into the grid. Typically the
three phases of the inverter are not coupled and hence, we only require a decentralized
controller in each phase.
Since, the output current of the inverter is a sinusoid, the current-controller must
track a sinusoidal reference and have an internal model[37] for tracking the same.
Thus, the controller must provide a large gain at the fundamental grid frequency (60
Hz) since the plant is unable to provide a large gain at this frequency because of size
and cost limitations (as discussed earlier).
The proportional-plus-resonant (PR) controllers are commonly used, for tracking
sinusoidal references as they provide a high gain at the grid frequency and result
in very low steady state error[16],[17]. The transfer function for a PR controller is
defined as:
K = Kp +
Krs
s2 + ω2r
where ωr = 2pi60 rad/sec.
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However, the structure presented above possesses only two controller parameters
Kp and Kr, and hence it doesn’t give us enough flexibility from the point of view of
controller design. Thus, the following generalized structure is considered:
K = g[
s2+β2s+ω2r2
s2+β1s+ω2r1
][
10ωr1
s+10ωr1
]
where ωr1 = 2pi60
rad
sec
.
This structure reduces to the traditional PR controller when
g = Kp
gβ2 = Kr
Kpω
2
r = gω
2
r2
β1 = 0
and the roll-off [ 10ωr1
s+10ωr1
] is removed.
4.2 Control Design Process
The following steps are followed for designing the controller:
1. Choose the value of β2 such that appropriate gain and phase margins are
obtained.
2. Choose the value of ωr2 such that an appropriate bandwidth is obtained.
3. Choose the gain g such that an acceptable gain margin is maintained as well
as reasonable values of closed loop damping are obtained.
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4. Choose the value of β1 such that an appropriate high gain is obtained at 60 Hz
resulting in a reasonable steady state error, as well as an acceptable bandwidth.
4.3 Frequency Domain Trade Studies
The following trade-offs have been demonstrated:
• Trade-off between in-band reference command-following and output distur-
bance attenuation (observed from the sensitivity) versus out of band noise-
attenuation (observed from the complementary sensitivity).
• Bode integral push-pop effect.
Trade-Off Between Sensitivity and Complementary-Sensitivity
For a typical feedback control system, the sensitivity (S) is defined as the transfer
function (for a SISO control system) from the reference command to the error signal
(r → e). For a plant P (system being controlled) and a controller K, the transfer
function of the sensitivity is:
S = 1
1+PK
The transfer function (for a SISO control system) of the complementary sensitivity
(T) (reference to output r → y) is:
T = PK
1+PK
It is obvious that for a SISO control system, 1-T = S. The sensitivity needs to be
low where we want command following (the error needs to be as small as possible at
that frequency). The complementary sensitivity (which is also the transfer function
from the noise to the output n → y)needs to be small at all frequencies were we
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do not have reference commands so that sensor noise can be suitably attenuated.
However, it is typically observed that achieving both simultaneously is not possible.
Hence, there is a trade-off. This trade-off is well known in the case of typical control
systems, where the reference is a step command, however here it is demonstrated for
the present class of control systems where the command following is at 60 Hz instead
of DC.
β1 is taken to be 0 (infinite gain at 60 Hz in the controller transfer function) and
the parameters g, β2 and ωr2 are varied.
To begin with, we vary β2 and ωr2 and plot the open loop gain and phase margins
(Fig 4.1 and 4.2) and then the closed loop indices like peak S (Fig 4.3), peak T (Fig
4.4), closed loop damping (Fig 4.5), peak KS (Fig 4.6) and peak PS (Fig 4.7).
Figure 4.1: Variation in the Gain Margin with β2 and ωr2
Next we vary the parameters g and ωr2 . The effect of these variations on pertinent
open loop margins and the peaks of closed loop maps is presented in figures 4.15 to
4.21.
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Figure 4.2: Variation in the Phase Margin with β2 and ωr2
Figure 4.3: Variation in the Peak S with β2 and ωr2
To complete our analysis, the parameters g and β2 are varied and the plots for
those variations are shown next.
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Figure 4.4: Variation in the Peak T with β2 and ωr2
Figure 4.5: Variation in the minimum closed loop damping with β2 and ωr2
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Figure 4.6: Variation in the Peak KS with β2 and ωr2
Figure 4.7: Variation in the Peak PS with β2 and ωr2
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Figure 4.8: Variation in the Gain Margin with g and ωr2
Figure 4.9: Variation in the Phase Margin with g and ωr2
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Figure 4.10: Variation in the Peak S with g and ωr2
Figure 4.11: Variation in the Peak T with g and ωr2
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Figure 4.12: Variation in the minimum closed loop damping with g and ωr2
Figure 4.13: Variation in the Peak KS with g and ωr2
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Figure 4.14: Variation in the Peak PS with g and ωr2
Figure 4.15: Variation in the Gain Margin with g and β2
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Figure 4.16: Variation in the Phase Margin with g and β2
Figure 4.17: Variation in the Peak S with g and β2
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Figure 4.18: Variation in the Peak T with g and β2
Figure 4.19: Variation in the minimum closed loop damping with g and β2
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Figure 4.20: Variation in the Peak KS with g and β2
Figure 4.21: Variation in the Peak PS with g and β2
Based on this analysis, the following parameters were selected:
ωr2 = 250,150,50
g = 0.1
47
β2 = 90
Taking β1 = 0, we plot the pertinent open and closed loop maps as for the parameter
values listed above.
Figure 4.22 presents the open loop maps while figures 4.23 and 4.24 present the
sensitivity (S) and complementary-sensitivity (T)
Figure 4.22: Families of Open Loop Maps
In order to properly compare the plots, the sensitivity (S) plots are magnified at
low frequencies and presented in figure 4.25.
It is evident that for designs where the S is lower, the T is higher and vice-versa.
This critical trade-off exists for all SISO control systems and is clearly visible here too.
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Figure 4.23: Families of Sensitivity (S) Plots
Figure 4.24: Families of Complementary Sensitivity (T) Plots
Bode Integral Push-Pop Effect
We know that for our system [38]:
∫ ∞
0
log10|S(jω)|dω = K
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Figure 4.25: Families of magnified Sensitivity (S) Plots
where K is a constant.
Hence it stands to reason that as we push the sensitivity down at 60 Hz where
we want command following, there would be a pop in the sensitivity elsewhere. This
push-pop relationship is shown in the following plots wherein we attempt to choose
β1.
The rest of the parameters are fixed at the following values:
ωr2 = 150
g = 0.1
B2 = 90
And then β1 is varied as follows:
β1 → 0, 0.4, 0.8
The effect of this variation is shown in the families of plots shown next. Figure
4.26 shows the open loop maps as the β1 is varied and figure 4.27 show the sensitivity
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plots:
Figure 4.26: Families of Open Loop (L) Plots
Figure 4.27: Families of Sensitivity (S) Plots
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And figure 4.28 shows the same plots magnified around 381 rad
sec
. It is clear
that the controllers that push down at 2pi60 rad
sec
result in a pop beyond 60 Hz.
This validates the results in [38] for the case of inverters and the particular control
structure proposed.
Figure 4.28: Families of magnified Sensitivity (S) Plots
Effect of Variation in the Controller Parameters on the Bandwidth
The bandwidth of the open loop system is measured at 20 dB and 40 dB respec-
tively. A comparison of the bandwidths of the open loop for the choices of ωr2 is
given in Table 4.3 and for the choices of β1 in Table 4.3:
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Table 4.1: Variation in the Bandwidth with ωr2
ωr2 40 dB BW 20 dB BW
250 0.3726 rad
sec
3.7252 rad
sec
150 0.5351 rad
sec
5.3517 rad
sec
50 0.6185 rad
sec
6.1833 rad
sec
Table 4.2: Variation in the Bandwidth with β1
β1 40 dB BW 20 dB BW
0 0.5351 rad
sec
5.35158 rad
sec
0.01 0.5350 rad
sec
5.35157 rad
sec
0.02 0.5348 rad
sec
5.35154 rad
sec
4.4 Time Domain Simulation
In this section the three phase inverter is simulated with a decentralized controller
and the operation of the current control loop is demonstrated. MATLAB/SIMULINK
is chosen for the simulations and the SimPowerSystems package of SIMULINK is
used.
The simulation circuit in SIMULINK is shown in figure 4.29.
Figure 4.30 shows the subsystem with the bridge circuit with the power electronic
switches. Next, figure 4.31 shows the filtering circuit (LCL filter) which is our plant
and figure 4.32 shows our model for the power grid (a sinusoidal voltage source).
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Figure 4.29: Closed Loop System
Figure 4.30: Switching Circuit
Apart from the simulation circuit, the output waveforms of the simulation are
also presented to validate our plant (LCL filter) design with a PR controller. We
begin with the control signals (figure 4.33), the output currents (figure 4.34) and the
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Figure 4.31: Three-Phase LCL Filter
closed loop system error (figure 4.35).
Figure 4.32: Grid
It is evident from figure 4.35 that the closed loop system is stable with nearly
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Figure 4.33: Control Signals
zero steady state error which is characteristic of the typical PR controller. As seen
from figure 4.33 the control signals generated by the controller are also sinusoids as
expected for a three-phase inverter.
For the sake of completeness, the signals generated by the pulse-width modulator
for operating the switches is also presented in Figure 4.36. A demonstration of the
filtering action of the plant (LCL filter) is provided by comparing the output current
of Figure 4.34 with the one that enters the plant (Figure 4.37).
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Figure 4.34: Output Current
4.5 Additional Observations
We observe that since the controller gain at 60 Hz was almost infinite, nearly zero
steady state error is obtained from the time domain simulation. The output currents
are three-phase sinusoids with negligible ripple since the LCL filter was designed to
reduce the harmonics in the output current to a reasonable level. The input currents
to the filter are also shown to demonstrate the amount of distortion present which
is eliminated in the output current because of the appropriately designed LCL filter.
The time domain simulation validates the inverter (LCL filter) design.
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Figure 4.35: Error
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Figure 4.36: PWM Signals
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Figure 4.37: Filter (Plant) Input Current
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4.6 Summary and Conclusions
Fundamental trade-offs present in the controller design process were demonstrated. A
design methodology for the controller structure proposed was presented. Furthermore
the LCL filter design was validated with a simulation in MATLAB/SIMULINK using
the SimPowerSystems package.
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Chapter 5
MODELING AND DESIGN OF THE COUPLED PLANT
5.1 Introduction, Motivation and Overview
With the advent of various PWMs and increasing demand for power supplied from
the renewable sources, there is a surge in the mass-production of reliable and at
the same time low-cost inverters. In this context, reduction of size (volume and
weight) of the passive filter components, decrease of the component count to build the
inverter, use of less magnetic core materials hence cutting down the total inverter cost
are gaining importance [31]. In consideration of the above, appropriately designed
coupled inductors, where the inductor coils are wound on a common core or an
integrated magnetic core, are widely being mentioned in the literature.
Among various topologies, the employability of 3-phase 3-column core structures,
where the inductor coils for the three phases are wound on an EI or EE integrated
core with air gaps are being tested in recent times [32],[33] These are favored because
of their compactness and easy construction with minimum core material. Figure
5.1 shows typical 3-leg 3-column structures [32]-[34]. But, for the use of such
integrated cores, the three phase-windings now get magnetically coupled through
mutual inductances among the phases.
5.2 Size Reduction and Mutual Inductance: A Coupled LCL Plant
The mechanical structure of the 3-phase 3-column inductor is illustrated in Figure
5.1, where Ia, Ib and Ic are the phase currents. Figure 5.2 compares the 3-phase
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(a) (b)
Figure 5.1: 3-Phase 3-Column Coupled Inductors: (a) EI Structure, (b) EE
Structure.
Figure 5.2: Comparison of 3-Phase Core Structures: (a) Traditional Three Separate
Cores (b) Integrated Reduced Size Core.
3-column inductor with the traditional core structure where the three phases are
clearly decoupled.
If φaa, φbb and φcc are magnetic fluxes produced by Ia Ib and Ic separately, φal,
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φbl and φcl are leakage fluxes, φij (i 6= j, i, j = a, b, c) denotes magnetic flux which
is produced by Ij and flows through phase i, then equation 1 can be derived on the
basis of the continuity of magnetic flux principle [34] that

φaa
φbb
φcc
 =

φal
φbl
φcl
+

φba
φab
φac
+

φca
φcb
φbc
 . (5.1)
Considering equal number of turns
Na = Nb = Nc = N
in each of the 3 phases, Lii’s are self inductances and Mij (i, j = a, b, c) representing
mutual inductance between phase i and j (i 6= j), we can write
Nφii = Lii · Ii (5.2)
Nφil = ηLii · Ii (5.3)
where η is interlinked leakage coefficient, 0 < η  1 and is assumed to be the same
for all the 3 phases.
Nφij = Mij · Ij (i 6= j) (5.4)
So, equation 5.1 can now be transformed into

N · φaa
N · φbb
N · φcc
 =

Laa · Ia
Lbb · Ib
Lcc · Ic
 = η

Laa · Ia
Lbb · Ib
Lcc · Ic
+

(Mba +Mca) · Ia
(Mab +Mcb) · Ib
(Mac +Mbc) · Ic
 (5.5)
Therefore, from equation 5.5, the relationship between self and mutual inductances
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can be written as 
(Mba +Mca)
(Mab +Mcb)
(Mac +Mbc)
 = (1− η)

Laa
Lbb
Lcc
 (5.6)
In practice, the mutual inductances in the 3 phase 3-column are asymmetrical due
to unequal air gap and/or lengths of magnetic path.
The flux linkages ψa, ψb and ψc in phase cores are expressed as [33],[34],

ψa
ψb
ψc
 =

Laa −Mab −Mac
−Mba Lbb −Mbc
−Mca −Mcb Lcc


Ia
Ib
Ic
 (5.7)
The minus sign represents negatively coupled mutual flux.
If La, Lb and Lc are considered as the effective inductances of the phases a, b, c
of the coupled inductor taking into account of the self and the mutual ones, then
equation 5.1 may be re-expressed as

La
Lb
Lc
 =

ψa/Ia
ψb/Ib
ψc/Ic
 =

Laa − (Mab) IbIa − (Mac) IcIa
−(Mba) IaIb + Lbb − (Mbc) IcIb
−(Mca) IaIc − (Mcb) IbIc + Lcc
 (5.8)
Effect of Asymmetrical Mutual Inductances
Let us assume that the three phase currents are balanced. If Iahn, Ibhn and Ichn are
the n-th harmonic current of phase a, b, c respectively, then these can be expressed
as
Iahn = Ibhne
jp· 2pi
3 = Ichne
jp· 4pi
3 (5.9)
where, assuming current harmonics is mainly on (6k ± 1)th, m = (6k + 1), k is a
positive integer (k = 0, 1, 2, 3, · · ·), p is 1 when n = 6k + 1 and p equals −1 while
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n = 6k − 1 [33].
From equation 5.8, we can now derive
La = Lahn =
ψa
Iahn
= Laa −Mabe−jp· 2pi3 −Mace−jp· 4pi3
Lb = Lbhn =
ψb
Ibhn
= Lbb −Mbaejp· 2pi3 −Mbce−jp· 2pi3 (5.10)
Lc = Lchn =
ψc
Ichn
= Lcc −Mcaejp· 4pi3 −Mcbejp· 2pi3
Let us further analyze, for example, the effective inductance for the phase a to
understand the implications of asymmetrical mutual inductances among phases. For
p = 1,
La = Laa −Mab
(
cos
2pi
3
− j sin 2pi
3
)
−Mac
(
cos
4pi
3
− j sin 4pi
3
)
= Laa −Mab
(
−1
2
− j
√
3
2
)
−Mac
(
−1
2
+ j
√
3
2
)
Therefore,
La = Laa +
1
2
(Mab +Mac) + j
√
3
2
(Mab −Mac) (5.11)
Equation 5.11 clearly explains [34]:
1. If Mab = Mac, La is a real number. Since ψa = LaIa, ψa and Ia are in phase
and La is constant in the time domain.
2. If Mab 6= Mac, La is a complex number, i.e., a phase angle exists between ψa
and La. The physical meaning of La being complex means that La varies with
time.
To counter the effect of asymmetrical mutual inductances a 3-phase 5-column
inductor was proposed [34], which by providing additional magnetic path through
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bypass columns reduces the mutual inductances among phases to nearly zero. How-
ever, such a solution will compromise the target of volume optimization and cost
reduction of inverters, as more magnetic materials will be needed.
Using equations 5.6, 5.10 and 5.11, it can be shown that only for an ideal case,
having the following mathematical symmetry, namely,
• all L’s are equal: Laa = Lbb = Lcc = L
• all M ’s are equal: Mab = Mbc = Mca = M
• all three phase currents are either equal or balanced (equation 5.9)
the 3-phase 3-column coupled inductor can be effectively considered to be decoupled
with each phase having a constant equivalent inductance Le [32],
Le =
(3− η)L
2
. (5.12)
In other words, for all realistic applications, the 3-phase 3-column coupled inductor
should be considered as a coupled system.
Especially, under voltage sag conditions, where the phase currents may be differ-
ent due to phase imbalance, such an idealized decoupled model of 3-phase 3-column
inductors with integrated core should be avoided.
Instead of a decentralized controller, a multi-variable controller may be more
effective while using a 3-phase 3-column magnetically coupled inductors.
5.3 Coupled Plant Design Process
To the best of our knowledge, no systematic design method for a magnetically coupled
LCL filter has been presented in the literature so far. Hence, the values of the filter
parameters are chosen to be the same as those of the decoupled plant.
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5.4 Coupled Plant Numerics
Considering the design chosen for the decoupled plant, all the values of mutual
inductance are obtained to be ≈ 0.284 mH with η = 0.0001 satisfying the equation
5.13:

(Mba +Mca)
(Mab +Mcb)
(Mac +Mbc)
 = (1− η)

Laa
Lbb
Lcc
 (5.13)
5.5 Coupled Plant Analysis
Applying Kirchhoff’s voltage and current laws to the magnetically coupled LCL filter
we may write [20]:
Via − VCa = RiaIia + Lia
dIia
dt
−Miab
dIib
dt
−Miac
dIic
dt
+ (Iia − Iga)RDa (5.14)
Vib − VCb = RibIib + Lib
dIib
dt
−Miba
dIia
dt
−Mibc
dIic
dt
+ (Iib − Igb)RDb (5.15)
Vic − VCc = RicIic + Lic
dIic
dt
−Mica
dIia
dt
−Micb
dIib
dt
+ (Iic − Igc)RDc (5.16)
VCa − Vga = RgaIga + Lga
dIga
dt
−Mgab
dIgb
dt
−Mgac
dIgc
dt
− (Iia − Iga)RDa (5.17)
VCb − Vgb = RgbIgb + Lgb
dIgb
dt
−Mgba
dIga
dt
−Mgbc
dIgc
dt
− (Iib − Igb)RDb (5.18)
VCc − Vgc = RgcIgc +RgcLgc
dIgc
dt
−Mgca
dIga
dt
−Mgcb
dIgb
dt
− (Iic − Igc)RDc (5.19)
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Figure 5.3: Three-Phase Three-Leg Magnetically Coupled LCL Filter Schematic
Ca
dVCa
dt
= Iia − Iga (5.20)
Cb
dVCb
dt
= Iib − Igb (5.21)
Cc
dVCc
dt
= Iic − Igc (5.22)
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The above equations are to be rearranged in the following form:
Kx˙ = A0x+B0u
Let
x =

Iia
Iib
Iic
Iga
Igb
Igc
Vca
Vcb
Vcc

and u =

Via
Vib
Vic
Vga
Vgb
Vgc

Also,
K =

Lia −Miab −Miac 0 0 0 0 0 0
−Miba Lib −Mibc 0 0 0 0 0 0
−Mica −Micb Lic 0 0 0 0 0 0
0 0 0 Lga −Mgab −Mgac 0 0 0
0 0 0 Lgb −Mgba −Mgbc 0 0 0
0 0 0 −Mgca −Mgcb Lgc 0 0 0
0 0 0 0 0 0 Ca 0 0
0 0 0 0 0 0 0 Cb 0
0 0 0 0 0 0 0 0 Cc

(5.23)
69
A0 =

A0(1, 1) 0 0 RDa 0 0 −1 0 0
0 A0(2, 2) 0 0 RDb 0 0 −1 0
0 0 A0(3, 3) 0 0 RDc 0 0 −1
RDa 0 0 A0(4, 4) 0 0 1 0 0
0 RDb 0 0 A0(5, 5) 0 0 1 0
0 0 RDc 0 0 A0(6, 6) 0 0 1
1 0 0 −1 0 0 0 0 0
0 1 0 0 −1 0 0 0 0
0 0 1 0 0 −1 0 0 0

(5.24)
where
A0(1, 1) = −(RDa +Ria)
A0(2, 2) = −(RDb +Rib)
A0(3, 3) = −(RDc +Ric)
A0(4, 4) = −(RDa +Rga)
A0(5, 5) = −(RDb +Rgb)
A0(6, 6) = −(RDc +Rgc)
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B0 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 −1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

(5.25)
This naturally implies that:
x˙ = (K−1A0)x+ (K−1B0)u
This reduces to the state space form:
x˙ = Ax+Bu
where
A = (K−1A0) and B = (K−1B0)
The two other matrices of the state space model are :
C =

0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
 (5.26)
and
D =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
 (5.27)
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The full state-space model of the coupled LCL filter can now be represented as:
x˙ = Ax+ Bu
y = Cx+Du (5.28)
The singular values of the plant with coupling are shown in figure 5.4.
Figure 5.4: Plant Singular Values
The figure 5.5 shows the singular values of the plant when the series resistances
of the inductors are neglected.
Since the plant is coupled, a SISO controller is typically not suitable for controlling
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Figure 5.5: Plant (without series resistance) Singular Values
it and hence a multi-variable controller is best suited to control it. An H∞ controller
is proposed to control the coupled plant.
5.6 Summary and Conclusions
Mutual inductance in the case of 3-phase 3-leg integrated cores was discussed in depth
and the relation of the same with the self inductances was presented. The three-phase
inverter with a magnetically coupled LCL filter was then mathematically modeled
and the singular values of the coupled inverter were plotted both with and without
series resistances.
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Chapter 6
CENTRALIZED CONTROL OF COUPLED PLANT
6.1 Introduction and Overview
The inverter with coupled LCL filters is a multiple-input multiple-output (MIMO)
coupled system. A multi-variable controller is more suitable than a decentralized
controller to control such a coupled plant. In this chapter, an H∞ multi-variable
controller is proposed to control the same. First, H∞ control is introduced and
discussed in the following sections and then the design methodology is applied to the
coupled plant. The design is then validated with frequency and time domain results
from MATLAB.
6.2 Description of the H∞ Mixed-Sensitivity Design Methodology
A generalized feedback system structure is shown in figure 6.1.The signals given to
this feedback system are[23]:
1. Regulated signals (z): These are the signals that we would like to regulate
or keep "small" in some sense that depends on the application and desired
performance objectives.
2. Control signals (u): These are generated by the controller K.
3. Exogenous signals (w): They are external signals that act upon the system.
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Figure 6.1: Generalized Feedback System
4. Measurement Signals (y): These are the signals that are directly available to
the controller K.
General H∞ Suboptimal Control Problem
This problem (controller design) can be stated as follows [23]:
Given a peak performance bound γ>0, find a proper real-rational (finite-dimensional)
controller K that internally stabilizes G such that the H∞ norm of the closed loop
system transfer function matrix Twz(K) satisfies:
||Twz(K)||H∞ < γ
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Weighted H∞ Mixed Sensitivity Design Paradigm
The standard block diagram for an H∞ mixed - sensitivity controller is shown in
figure 6.2[23]. There is a weighting W1 on the signal y (the tracking error), a
weighting W2 on the controls u, and a weighting W3 on the plant outputs zˆ3. Thus,
the regulated signals z are related to the exogenous signals w as follows[23]:
z1 = W1zˆ1 = W1Sw
z2 = W2zˆ2 = W2KSw
z3 = W3zˆ3 = W3Tw
From this it follows that the closed loop transfer function matrix from w to z is
given by[23]:
Twz =
W1S
W2KS
W3T
Figure 6.2: H∞ Mixed Sensitivity
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Weighted H∞ Suboptimal Mixed Sensitivity Problem
The objective of this design is to find a real-rational (finite-dimensional) proper
internally stabilizing controller K that satisfies [23]
||Twz||H∞ =
W1S
W2KS
W3T
H∞
< γ
The weighting functions are shown in figures 6.3, 6.4 and 6.5 respectively.
6.3 Application of H∞ Mixed-Sensitivity Method to Coupled Plant
In order to design the controller, the following method was followed:
• The plant was augmented with an internal model [37] which provides a high
gain at 60 Hz.
• A bilinear transformation of the augmented plant was taken.
• The weighting functions presented in figures 6.3, 6.4 and 6.5 were defined.
• The transformed plant was augmented with the weighting functions.
• An H∞ controller was designed using the weighting functions and MATLAB’s
Robust Control Toolbox.
• An inverse bilinear transformation was taken in order to get the nominal
controller.
• The final controller was obtained by adding the internal model defined earlier
to the nominal controller.
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6.3.1 Weighting Functions
The singular value plots for the weighting functions chosen are shown next in Fig
7.2, 7.3 and 7.4:
Figure 6.3: Weighting Function W1
6.3.2 Frequency Domain Results
The multi-variable controller designed is used to control the plant and the figure
6.6 shows the singular values of the sensitivity for the closed loop system with the
multi-variable controller.
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Figure 6.4: Weighting Function W2
Figure 6.5: Weighting Function W3
6.3.3 Time Domain Results
The time simulation of the linear coupled model of the inverter is presented here.
Figure 6.7 shows the output currents of the inverter and they are seen to be three
phase sinusoids. The closed loop error is shown after that in figure 6.8. Clearly
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Figure 6.6: Singular Values of the Closed Loop Sensitivity
the closed loop system is stable with a reasonably small error. The error signal
is magnified in figure 6.9. It is seen that the error is approximately 0.6 A. The
sensitivity at 60 Hz was seen to be approximately -25 dB which corresponds to
0.056. Meaning that the magnitude of the error is equal to the reference times 0.06.
Since a reference of 10 A was given for the simulation, we obtain error to be 0.06
× 10 = 0.6 A which is approximately what was observed. Thus, our multi-variable
design has been validated both by the frequency as well as time domain studies.
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Figure 6.7: Output Currents of the Coupled Inverter
Figure 6.8: Error Signal of the Closed Loop System with the Multi-variable Control
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Figure 6.9: Error Magnified
6.4 Summary and Conclusions
The H∞ multi-variable controller design methodology was introduced and applied to
the coupled inverter. Time and frequency domain results were presented to validate
the design.
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Chapter 7
SUMMARY AND FUTURE DIRECTIONS
This thesis provided a systematic plant design methodology based on a thorough
literature review. The decentralized control was addressed in detail and a generalized
structure for the decentralized control was presented in order to analyze pertinent
trade-offs between in-band command following and out-of-band noise attenuation.
The plant design was validated with a simulation using MATLAB/SIMULINK’s
SimPowerSystems package.
In an attempt to reduce the size and cost of the inverter, a magnetically coupled
LCL filter with a three-leg three-phase integrated core was considered. A state-
space model of the same was presented. An H∞ multi-variable controller was then
proposed and applied to control it.
Future studies include plant (filter) design with more specifications and con-
straints, a more systematic plant design methodology, especially for the coupled
plant and application of more advanced control methods, for example, use of convex
optimization, sampled-data control etc.
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APPENDIX
A MATLAB CODES
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MATLAB CODES:
######################
Plant Design:
$$$$$$$$$$$$$$$$
clear;
% Plant Design
%% Defining the search space.
min_size = 1000;
L_min = 1000;
C_min = 1000;
THD_min = 1000;
pf_min = 1000;
WRES = 1000;
rq = 1000;
rf = 1000;
i = 0;
first_time = 0;
L_step = (0.1-0.001)/100;
C_step = (0.05-0.01)/100;
for Lt = 0.001:L_step:0.1
i = i + 1
j = 0;
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for C = 0.01:C_step:0.05
j = j + 1
rl = 1;
wg = 2*pi*60;
En = 120*sqrt(2);
Vg = 120;
Pn = 5000;
In = Pn./(3*Vg);
Zb = En./In;
Lb = Zb/wg;
Cb = 1/(wg*Zb);
L = Lt * Lb;
Vdc = 400;
Res_ok = 0;
pf_ok = 0;
m_ok = 0;
THD_ok = 0;
reac_ok = 0;
wg = 2*pi*60;
wsw = 2*pi*15000;
x = 10 * wg;
y = 0.5 * wsw;
W_res = 1./sqrt([rl/(rl+1)ˆ2]*Lt.*Lb.*C.*Cb); %radian
l(i) = Lt;
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c(j) = C;
%rl(i,j) = 1;
rf(i,j) = (2*pi*15000)./(W_res);
rq(i,j) = c(j)/l(i);
q = [(rq(i,j)-1)./sqrt(rq(i,j))]*[(1+rl)/sqrt(rl)]*[wg/W_res];
p = 1;
pf(i,j) = p./sqrt(p.ˆ2+q.ˆ2);
if(pf(i,j)>=0.995)
pf_ok = 1
end
m(i,j) = [2.*sqrt(2).*Vg./Vdc].*sqrt(1 + [Lt]ˆ2);%[Lt/Lb]ˆ2);
if(m(i,j)<1)
m_ok = 1
end
fm(i,j) = sqrt( [(3/2).*m(i,j).ˆ2] - [4.*sqrt(3).*m(i,j).ˆ3./pi]
+ [(9./8)*((3./2)-(9.*sqrt(3)./(8*pi))).*m(i,j).ˆ4] );
%rl = 1;
mf = 15000/60;
ig_THD(i,j) = [pi./12]*[Vdc./Vg].*[sqrt(rq(i,j))./rf(i,j).ˆ3].*[sqrt(rl)./
(1+rl)].* [1./([1-(6./mf)].ˆ2-[1./(rf(i,j).ˆ2)]) ] .*fm(i,j);
if(ig_THD(i,j)>0.003);
ig_THD(i,j) = NaN;
else
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ig_THD(i,j) = ig_THD(i,j);
THD_ok = 1
end
fsw = 15000;
L2 = (Lb*Lt)/2;
L = (Lb*Lt);
Rd(i,j) = fsw*(L2ˆ2/(3*L));
size(i,j) = Lt*C;
if( (W_res>x)&&(W_res<y) )
Res_ok = 1
end
if(rq(i,j)>=1)
reac_ok = 1;
end
if((Res_ok==1)&&(pf_ok==1)&&(m_ok==1)&
&(THD_ok==1)&&(reac_ok==1))
wres(i,j) = 1./sqrt([rl/(rl+1)ˆ2]*Lt.*Lb.*C.*Cb); %radian
if(size(i,j)<min_size)
min_size = size(i,j);
L_min = Lt;
C_min = C;
THD_min = ig_THD(i,j);
pf_min = pf(i,j);
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rq_min = rq(i,j);
rf_min = rf(i,j);
WRES = wres(i,j);
Rd_min = Rd(i,j);
end
%acceptable_L(i) = Lt
%acceptable_C(j) = C
disp(i);
disp(i);
disp(j);
disp(j)
%pause;
else
wres(i,j) = NaN;
pf(i,j) = NaN;
ig_THD(i,j) = NaN;
m(i,j) = NaN;
size(i,j) = NaN;
Rd(i,j) = NaN;
%acceptable_L(i) = NaN;
%acceptable_C(j) = NaN;
end
end
end
93
ipause;
j
pause;
Lt = 0.001:L_step:0.1;%0.01:((0.03-0.01)./100):0.03;
C = 0.01:C_step:0.05;%0.005:((0.015-0.005)./100):0.015;
contourf(C,Lt,wres);
xlabel(Capacitance in p.u.);
ylabel(Inductance in p.u.);
title(Possible values of resonance frequency);
colorbar;
grid on;
set(gca,fontsize,19);
pause;
contourf(C,Lt,size);
xlabel(Capacitance in p.u.);
ylabel(Inductance in p.u.);
title(Size in p.u.);
colorbar;
grid on;
set(gca,fontsize,19);
pause;
contourf(C,Lt,pf);
xlabel(Capacitance in p.u.);
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ylabel(Inductance in p.u.);
title(Power factor);
colorbar;
grid on;
set(gca,fontsize,19);
pause;
contourf(C,Lt,m);
xlabel(Capacitance in p.u.);
ylabel(Inductance in p.u.);
title(Modulation Index (m));
colorbar;
grid on;
set(gca,fontsize,19);
pause;
contourf(C,Lt,ig_THD);
xlabel(Capacitance in p.u.);
ylabel(Inductance in p.u.);
title(Total Harmonic Distortion in the current);
colorbar;
grid on;
set(gca,fontsize,19);
pause;
contourf(C,Lt,Rd);
xlabel(Capacitance in p.u.);
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ylabel(Inductance in p.u.);
title(Damping resistance);
colorbar;
grid on;
set(gca,fontsize,19);
pause;
disp(Minimum size);
disp(min_size);
disp(Minimum inductance);
disp(L_min);
disp(Minimum capacitance);
disp(C_min);
disp(For these minimum values we have);
disp(THD);
disp(THD_min);
disp(Power Factor);
disp(pf_min);
disp(rq);
disp(rq_min);
disp(rf);
disp(rf_min);
disp(Resonant frequency);
disp(WRES);
disp(Rd for the optimum values);
disp(Rd_min);
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$$$$$$$$$$$$$$$$$$$$$$$$$$$
Function for Computing the Closed Loop Maps: f_CLTFM
$$$$$$$$$$$$$$$$$$$$$$$$$$$
function [Lo,Li,So,Si,To,Ti,KS,PS] = f_CLTFM(P,K)
[Ap, Bp, Cp, Dp] = ssdata(P);
n_e = size(P,1);
n_u = size(P,2);
n_p = size(P,’order’);
[Ak, Bk, Ck, Dk] = ssdata(K);
n_k = size(K,’order’);
%% Lo = PK
A_Lo = [Ap Bp*Ck; zeros(n_k,n_p) Ak];
B_Lo = [Bp*Dk; Bk];
C_Lo = [Cp Dp*Ck];
D_Lo = Dp*Dk;
Lo = ss(A_Lo,B_Lo,C_Lo,D_Lo);
%% Li = KP
A_Li = [Ak Bk*Cp; zeros(n_p,n_k) Ap];
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B_Li = [Bk*Dp; Bp];
C_Li = [Ck Dk*Cp];
D_Li = Dk*Dp;
Li = ss(A_Li,B_Li,C_Li,D_Li);
%% Mo
Mo = inv(eye(n_e)+Dp*Dk);
%% Mi
Mi = inv(eye(n_u)+Dk*Dp);
%% So = inv(I+PK)
A_So = [Ap-Bp*Dk*Mo*Cp Bp*Ck-Bp*Dk*Mo*Dp*Ck; -Bk*Mo*Cp Ak-Bk*Mo*Dp*Ck];
B_So = [Bp*Dk*Mo; Bk*Mo];
C_So = [-Mo*Cp -Mo*Dp*Ck];
D_So = Mo;
So = ss(A_So,B_So,C_So,D_So);
%% Si = inv(I+KP)
A_Si = [Ak-Bk*Dp*Mi*Ck Bk*Dp*Mi*Dk*Cp-Bk*Cp; Bp*Mi*Ck Ap-Bp*Mi*Dk*Cp];
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B_Si = [-Bk*Dp*Mi; Bp*Mi];
C_Si = [Mi*Ck -Mi*Dk*Cp];
D_Si = Mi;
Si = ss(A_Si,B_Si,C_Si,D_Si);
%% To = PKinv(I+PK)
A_To = [Ap-Bp*Dk*Mo*Cp Bp*Ck-Bp*Dk*Mo*Dp*Ck; -Bk*Mo*Cp Ak-Bk*Mo*Dp*Ck];
B_To = [Bp*Dk*Mo; Bk*Mo];
C_To = [Mo*Cp Mo*Dp*Ck];
D_To = Mo*Dp*Dk;
To = ss(A_To,B_To,C_To,D_To);
%% Ti = inv(I+KP)KP
A_Ti = [Ak-Bk*Dp*Mi*Ck Bk*Dp*Mi*Dk*Cp-Bk*Cp; Bp*Mi*Ck Ap-Bp*Mi*Dk*Cp];
B_Ti = [-Bk*Dp*Mi; Bp*Mi];
C_Ti = [Mi*Ck -Mi*Dk*Cp];
D_Ti = -Dk*Dp*Mi;
Ti = ss(A_Ti,B_Ti,C_Ti,D_Ti);
%% KS
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A_ks = [Ap-Bp*Dk*Mo*Cp Bp*Ck-Bp*Dk*Mo*Dp*Ck; -Bk*Mo*Cp Ak-Bk*Mo*Dp*Ck];
B_ks = [Bp*Dk*Mo; Bk*Mo];
C_ks = [-Dk*Mo*Cp Ck-Dk*Mo*Dp*Ck];
D_ks = Dk*Mo;
KS = ss(A_ks,B_ks,C_ks,D_ks);
%% SP
A_ps = [Ak-Bk*Dp*Mi*Ck Bk*Dp*Mi*Dk*Cp-Bk*Cp; Bp*Mi*Ck Ap-Bp*Mi*Dk*Cp];
B_ps = [-Bk*Dp*Mi; Bp*Mi];
C_ps = [Mo*Dp*Ck Mo*Cp];
D_ps = Mo*Dp;
PS = ss(A_ps,B_ps,C_ps,D_ps);
$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$
Decentralized Controller Contours (assumming β1 = 0):
$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$
clear;
%% Basic Data
rl = 1;
wg = 2*pi*60;
En = 120*sqrt(3);
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Vg = 120;
Pn = 5000;
In = Pn./(3*Vg);
Zb = Enˆ2./Pn;
Lb = Zb/wg;
Cb = 1/(wg*Zb);
%L = Lt * Lb;
Vdc = 400;
wg = 2*pi*60;
wsw = 2*pi*15000;
x = 10 * wg;
y = 0.5 * wsw;
w = logspace(2,5,200000);
%% Plant
% Resistances
R1 = 0.22;
R2 = 0.22;
L1 = (0.04951/2)*Lb;
L2 = (0.04951/2)*Lb;
Cd = 0.05*Cb;
Rd = 2.005859736582225;
A = [-(Rd+R1)/L1 (Rd/L1) (-1/L1);
(Rd/L2) -(Rd+R2)/L2 (1/L2);
(1/Cd) (-1/Cd) 0];
B = [(1/L1);
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0;
0];
Bdo = [0;
(-1/L2);
0];
C = [0 1 0];
D = 0;
P = ss(A,B,C,D);
%w = logspace(1,4,200000);
wr = 2*pi*60; % frequency where we want command following
%% Nominal SISO Controller
Kr = 100;
wr2 = 2*pi*60;
B2 = 100;
g = 1;
B1 = 0;
Roll_Off = tf([10*wr],[1 wr]);
K0 = g*tf([1 B2 wr2ˆ2],[1 B1 wrˆ2]);
K = K0*Roll_Off;
[Lo,Li,So,Si,To,Ti,KS,PS] = f_CLTFM(P,K);
disp(Closed Loop stability);
disp(isstable(To));
%bode(Lo,w);
%title(Open Loop);
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%grid on;
%pause;
%margin(Lo);
%pause;
%% Modified SISO Controller
Kr = 100;
wr2 = 0.001*2*pi*60;
B2 = 100;
g = 1;
B1 = 0;
Roll_Off = tf([10*wr],[1 wr]);
K0 = g*tf([1 B2 wr2ˆ2],[1 B1 wrˆ2]);
K = K0*Roll_Off;
[Lo,Li,So,Si,To,Ti,KS,PS] = f_CLTFM(P,K);
disp(Closed Loop stability);
disp(isstable(To));
bode(Lo,w);
title(Open Loop);
grid on;
%pause;
%% Contours
i = 0;
for B2 = 1:1:100
i = i + 1
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j = 0;
for wr2 = (0.01:0.01:1)*wr
j = j + 1
Kr = 100;
g = 0.01;
B1 = 0;
Roll_Off = tf([10*wr],[1 wr]);
K0 = g*tf([1 B2 wr2ˆ2],[1 B1 wrˆ2]);
K = K0*Roll_Off;
[Lo,Li,So,Si,To,Ti,KS,PS] = f_CLTFM(P,K);
x = allmargin(Lo);
if(x.Stable==1)
GM(i,j) = x.GainMargin(1);
PM(i,j) = x.PhaseMargin(1);
[wn,z] = damp(To);
min_damp(i,j) = min(z);
Peak_T(i,j) = mag2db(norm(To,Inf));
Peak_S(i,j) = mag2db(norm(So,Inf));
Peak_KS(i,j) = mag2db(norm(KS,Inf));
Peak_PS(i,j) = mag2db(norm(PS,Inf));
else
GM(i,j) = NaN;
PM(i,j) = NaN;
min_damp(i,j) = NaN;
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Peak_T(i,j) = NaN;
Peak_S(i,j) = NaN;
Peak_KS(i,j) = NaN;
Peak_PS(i,j) = NaN;
end
end
end
B2 = 1:1:100;
wr2 = (0.01:0.01:1)*wr;
contourf(wr2,B2,GM);
grid on;
colorbar;
title(Gain Margin Variation);
xlabel(wr2);
ylabel(Beta 2);
pause;
contourf(wr2,B2,PM);
grid on;
colorbar;
title(Phase Margin Variation);
xlabel(wr2);
ylabel(Beta 2);
pause;
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contourf(wr2,B2,min_damp);
grid on;
colorbar;
title(Minimum Closed Loop Damping Variation);
xlabel(wr2);
ylabel(Beta 2);
pause;
contourf(wr2,B2,Peak_S);
grid on;
colorbar;
title(Peak Sensitivity Variation);
xlabel(wr2);
ylabel(Beta 2);
pause;
contourf(wr2,B2,Peak_T);
grid on;
colorbar;
title(Peak Complementary Sensitivity Variation);
xlabel(wr2);
ylabel(Beta 2);
pause;
contourf(wr2,B2,Peak_KS);
grid on;
colorbar;
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title(Peak KS Variation);
xlabel(wr2);
ylabel(Beta 2);
pause;
contourf(wr2,B2,Peak_PS);
grid on;
colorbar;
title(Peak PS Variation);
xlabel(wr2);
ylabel(Beta 2);
pause;
clear;
%% Basic Data
rl = 1;
wg = 2*pi*60;
En = 120*sqrt(3);
Vg = 120;
Pn = 5000;
In = Pn./(3*Vg);
Zb = Enˆ2./Pn;
Lb = Zb/wg;
Cb = 1/(wg*Zb);
%L = Lt * Lb;
Vdc = 400;
wg = 2*pi*60;
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wsw = 2*pi*15000;
x = 10 * wg;
y = 0.5 * wsw;
w = logspace(2,5,200000);
%% Plant
% Resistances
R1 = 0.22;
R2 = 0.22;
L1 = (0.04951/2)*Lb;
L2 = (0.04951/2)*Lb;
Cd = 0.05*Cb;
Rd = 2.005859736582225;
A = [-(Rd+R1)/L1 (Rd/L1) (-1/L1);
(Rd/L2) -(Rd+R2)/L2 (1/L2);
(1/Cd) (-1/Cd) 0];
B = [(1/L1);
0;
0];
Bdo = [0;
(-1/L2);
0];
C = [0 1 0];
D = 0;
P = ss(A,B,C,D);
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%w = logspace(1,4,200000);
wr = 2*pi*60; % frequency where we want command following
%% Nominal SISO Controller
Kr = 100;
wr2 = 2*pi*60;
B2 = 100;
g = 1;
B1 = 0;
Roll_Off = tf([10*wr],[1 wr]);
K0 = g*tf([1 B2 wr2ˆ2],[1 B1 wrˆ2]);
K = K0*Roll_Off;
[Lo,Li,So,Si,To,Ti,KS,PS] = f_CLTFM(P,K);
disp(Closed Loop stability);
disp(isstable(To));
%bode(Lo,w);
%title(Open Loop);
%grid on;
%pause;
%margin(Lo);
%pause;
%% Modified SISO Controller
Kr = 100;
wr2 = 0.001*2*pi*60;
B2 = 100;
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g = 1;
B1 = 0;
Roll_Off = tf([10*wr],[1 wr]);
K0 = g*tf([1 B2 wr2ˆ2],[1 B1 wrˆ2]);
K = K0*Roll_Off;
[Lo,Li,So,Si,To,Ti,KS,PS] = f_CLTFM(P,K);
disp(Closed Loop stability);
disp(isstable(To));
bode(Lo,w);
title(Open Loop);
grid on;
%pause;
%% Contours
i = 0;
for g = 0.001:0.001:0.1
i = i + 1
j = 0;
for wr2 = (0.01:0.01:1)*wr
j = j + 1
Kr = 100;
B2 = 90;
B1 = 0;
Roll_Off = tf([10*wr],[1 10*wr]);
K0 = g*tf([1 B2 wr2ˆ2],[1 B1 wrˆ2]);
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K = K0*Roll_Off;
[Lo,Li,So,Si,To,Ti,KS,PS] = f_CLTFM(P,K);
x = allmargin(Lo);
if(x.Stable==1)
GM(i,j) = x.GainMargin(1);
PM(i,j) = x.PhaseMargin(1);
[wn,z] = damp(To);
min_damp(i,j) = min(z);
Peak_T(i,j) = mag2db(norm(To,Inf));
Peak_S(i,j) = mag2db(norm(So,Inf));
Peak_KS(i,j) = mag2db(norm(KS,Inf));
Peak_PS(i,j) = mag2db(norm(PS,Inf));
else
GM(i,j) = NaN;
PM(i,j) = NaN;
min_damp(i,j) = NaN;
Peak_T(i,j) = NaN;
Peak_S(i,j) = NaN;
Peak_KS(i,j) = NaN;
Peak_PS(i,j) = NaN;
end
end
end
g = 0.001:0.001:0.1
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wr2 = (0.01:0.01:1)*wr;
contourf(wr2,g,GM);
grid on;
colorbar;
title(Gain Margin Variation);
xlabel(wr2);
ylabel(g);
pause;
contourf(wr2,g,PM);
grid on;
colorbar;
title(Phase Margin Variation);
xlabel(wr2);
ylabel(g);
pause;
contourf(wr2,g,min_damp);
grid on;
colorbar;
title(Minimum Closed Loop Damping Variation);
xlabel(wr2);
ylabel(g);
pause;
contourf(wr2,g,Peak_S);
grid on;
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colorbar;
title(Peak Sensitivity Variation);
xlabel(wr2);
ylabel(g);
pause;
contourf(wr2,g,Peak_T);
grid on;
colorbar;
title(Peak Complementary Sensitivity Variation);
xlabel(wr2);
ylabel(g);
pause;
contourf(wr2,g,Peak_KS);
grid on;
colorbar;
title(Peak KS Variation);
xlabel(wr2);
ylabel(g);
pause;
contourf(wr2,g,Peak_PS);
grid on;
colorbar;
title(Peak PS Variation);
xlabel(wr2);
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ylabel(g);
pause;
$$$$$$$$$$$$$$$$$$$$$$$$$$$$$
Families of plots assuming β1 = 0
$$$$$$$$$$$$$$$$$$$$$$$$$$$$$
clear;
%% Basic Data
rl = 1;
wg = 2*pi*60;
En = 120*sqrt(3);
Vg = 120;
Pn = 5000;
In = Pn./(3*Vg);
Zb = Enˆ2./Pn;
Lb = Zb/wg;
Cb = 1/(wg*Zb);
%L = Lt * Lb;
Vdc = 400;
wg = 2*pi*60;
wsw = 2*pi*15000;
x = 10 * wg;
y = 0.5 * wsw;
%w = logspace(2,5,200000);
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%% Plant
% Resistances
R1 = 0.22;
R2 = 0.22;
L1 = (0.04951/2)*Lb;
L2 = (0.04951/2)*Lb;
Cd = 0.05*Cb;
Rd = 2.005859736582225;
A = [-(Rd+R1)/L1 (Rd/L1) (-1/L1);
(Rd/L2) -(Rd+R2)/L2 (1/L2);
(1/Cd) (-1/Cd) 0];
B = [(1/L1);
0;
0];
Bdo = [0;
(-1/L2);
0];
C = [0 1 0];
D = 0;
P = ss(A,B,C,D);
%w = logspace(1,4,200000);
wr = 2*pi*60; % frequency where we want command following
%% Families
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% Controller 1
wr2 = 250;
g = 0.1;
B2 = 90;
Kr = 100;
B1 = 0;
Roll_Off = tf([10*wr],[1 10*wr]);
K0 = g*tf([1 B2 wr2ˆ2],[1 B1 wrˆ2]);
K1 = K0*Roll_Off;
[Lo1,Li1,So1,Si1,To1,Ti1,KS1,PS1] = f_CLTFM(P,K1);
x1 = allmargin(Lo1);
if(x1.Stable==1)
GM = x1.GainMargin(1)
PM = x1.PhaseMargin(1)
[wn,z] = damp(To1);
min_damp = min(z)
Peak_T = mag2db(norm(To1,Inf))
Peak_S = mag2db(norm(So1,Inf))
Peak_KS = mag2db(norm(KS1,Inf))
Peak_PS = mag2db(norm(PS1,Inf))
else
GM = NaN
PM = NaN
min_damp = NaN
Peak_T = NaN
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Peak_S = NaN
Peak_KS = NaN
Peak_PS = NaN
end
% Controller 2
wr2 = 150;
g = 0.1;
B2 = 90;
Kr = 100;
B1 = 0;
Roll_Off = tf([10*wr],[1 10*wr]);
K0 = g*tf([1 B2 wr2ˆ2],[1 B1 wrˆ2]);
K2 = K0*Roll_Off;
[Lo2,Li2,So2,Si2,To2,Ti2,KS2,PS2] = f_CLTFM(P,K2);
x2 = allmargin(Lo2);
if(x2.Stable==1)
GM = x2.GainMargin(1)
PM = x2.PhaseMargin(1)
[wn,z] = damp(To1);
min_damp = min(z)
Peak_T = mag2db(norm(To2,Inf))
Peak_S = mag2db(norm(So2,Inf))
Peak_KS = mag2db(norm(KS2,Inf))
Peak_PS = mag2db(norm(PS2,Inf))
117
else
GM = NaN
PM = NaN
min_damp = NaN
Peak_T = NaN
Peak_S = NaN
Peak_KS = NaN
Peak_PS = NaN
end
% Controller 3
wr2 = 50;
g = 0.1;
B2 = 90;
Kr = 100;
B1 = 0;
Roll_Off = tf([10*wr],[1 10*wr]);
K0 = g*tf([1 B2 wr2ˆ2],[1 B1 wrˆ2]);
K3 = K0*Roll_Off;
[Lo3,Li3,So3,Si3,To3,Ti3,KS3,PS3] = f_CLTFM(P,K3);
x1 = allmargin(Lo1);
if(x1.Stable==1)
GM = x1.GainMargin(1)
PM = x1.PhaseMargin(1)
[wn,z] = damp(To1);
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min_damp = min(z)
Peak_T = mag2db(norm(To1,Inf))
Peak_S = mag2db(norm(So1,Inf))
Peak_KS = mag2db(norm(KS1,Inf))
Peak_PS = mag2db(norm(PS1,Inf))
else
GM = NaN
PM = NaN
min_damp = NaN
Peak_T = NaN
Peak_S = NaN
Peak_KS = NaN
Peak_PS = NaN
end
% Open Loop Families
w = logspace(0,3,200000);
pause;
hold off;
sigma(So1,w);
title(Sensitivity);
grid on;
set(gca,fontsize,19);
pause;
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hold on;
sigma(So2,w);
title(Sensitivity);
grid on;
set(gca,fontsize,19);
pause;
hold on;
sigma(So3,w);
title(Sensitivity);
grid on;
set(gca,fontsize,19);
hold on;
legend(S1,S2,S3);
pause;
hold off;
sigma(To1,w);
title(Complementary Sensitivity);
grid on;
set(gca,fontsize,19);
pause;
hold on;
sigma(To2,w);
title(Complementary Sensitivity);
grid on;
set(gca,fontsize,19);
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pause;
hold on;
sigma(To3,w);
title(Complementary Sensitivity);
grid on;
set(gca,fontsize,19);
hold on;
legend(T1,T2,T3);
pause;
hold off;
% Lo1
x = tf(Lo1);
y = x.num;
numTF =[y{1,:}];
y = x.den;
denTF =[y{1,:}];
w = logspace(0,3,200000);
Y = freqs(numTF,denTF,w);
y1 = abs(Y);
y2 = angle(Y);
l5 = subplot(2,1,1);
semilogx(w,20*log10(y1))
grid on
set(gca,fontsize,19);
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ylabel(Magnitude (dB))
title(Open Loop)
hold on
l6 = subplot(2,1,2);
semilogx(w,y2*(180/pi))
grid on
set(gca,fontsize,19);
ylabel(Phase (deg))
xlabel(Frequency (Rad/s))
pause;
hold on;
%Lo2
x = tf(Lo2);
y = x.num;
numTF =[y{1,:}];
y = x.den;
denTF =[y{1,:}];
w = logspace(0,3,200000);
Y = freqs(numTF,denTF,w);
y1 = abs(Y);
y2 = angle(Y);
l5 = subplot(2,1,1);
122
semilogx(w,20*log10(y1))
grid on
set(gca,fontsize,19);
ylabel(Magnitude (dB))
title(Open Loop)
hold on
l6 = subplot(2,1,2);
semilogx(w,y2*(180/pi))
grid on
set(gca,fontsize,19);
ylabel(Phase (deg))
xlabel(Frequency (Rad/s))
pause;
% Lo3
x = tf(Lo3);
y = x.num;
numTF =[y{1,:}];
y = x.den;
denTF =[y{1,:}];
w = logspace(0,3,200000);
Y = freqs(numTF,denTF,w);
y1 = abs(Y);
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y2 = angle(Y);
l5 = subplot(2,1,1);
semilogx(w,20*log10(y1))
grid on
set(gca,fontsize,19);
ylabel(Magnitude (dB))
title(Open Loop)
hold on
l6 = subplot(2,1,2);
semilogx(w,y2*(180/pi))
grid on
set(gca,fontsize,19);
ylabel(Phase (deg))
xlabel(Frequency (Rad/s))
legend(L1,L2,L3);
pause;
hold off;
$$$$$$$$$$$$$$$$$$$$$$$$
Families of plots varying β1
$$$$$$$$$$$$$$$$$$$$$$$$
clear;
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%% Basic Data
rl = 1;
wg = 2*pi*60;
En = 120*sqrt(3);
Vg = 120;
Pn = 5000;
In = Pn./(3*Vg);
Zb = Enˆ2./Pn;
Lb = Zb/wg;
Cb = 1/(wg*Zb);
%L = Lt * Lb;
Vdc = 400;
wg = 2*pi*60;
wsw = 2*pi*15000;
x = 10 * wg;
y = 0.5 * wsw;
%w = logspace(2,5,200000);
%% Plant
% Resistances
R1 = 0.22;
R2 = 0.22;
L1 = (0.04951/2)*Lb;
L2 = (0.04951/2)*Lb;
Cd = 0.05*Cb;
Rd = 2.005859736582225;
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A = [-(Rd+R1)/L1 (Rd/L1) (-1/L1);
(Rd/L2) -(Rd+R2)/L2 (1/L2);
(1/Cd) (-1/Cd) 0];
B = [(1/L1);
0;
0];
Bdo = [0;
(-1/L2);
0];
C = [0 1 0];
D = 0;
P = ss(A,B,C,D);
%w = logspace(1,4,200000);
wr = 2*pi*60; % frequency where we want command following
%% Families
% Controller 1
wr2 = 150;
g = 0.1;
B2 = 90;
Kr = 100;
B1 = 0;
Roll_Off = tf([10*wr],[1 10*wr]);
K0 = g*tf([1 B2 wr2ˆ2],[1 B1 wrˆ2]);
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K1 = K0*Roll_Off;
[Lo1,Li1,So1,Si1,To1,Ti1,KS1,PS1] = f_CLTFM(P,K1);
x1 = allmargin(Lo1);
if(x1.Stable==1)
GM = x1.GainMargin(1)
PM = x1.PhaseMargin(1)
[wn,z] = damp(To1);
min_damp = min(z)
Peak_T = mag2db(norm(To1,Inf))
Peak_S = mag2db(norm(So1,Inf))
Peak_KS = mag2db(norm(KS1,Inf))
Peak_PS = mag2db(norm(PS1,Inf))
else
GM = NaN
PM = NaN
min_damp = NaN
Peak_T = NaN
Peak_S = NaN
Peak_KS = NaN
Peak_PS = NaN
end
% Controller 2
wr2 = 150;
g = 0.1;
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B2 = 90;
Kr = 100;
B1 = 0.4;
Roll_Off = tf([10*wr],[1 10*wr]);
K0 = g*tf([1 B2 wr2ˆ2],[1 B1 wrˆ2]);
K2 = K0*Roll_Off;
[Lo2,Li2,So2,Si2,To2,Ti2,KS2,PS2] = f_CLTFM(P,K2);
x2 = allmargin(Lo2);
if(x2.Stable==1)
GM = x2.GainMargin(1)
PM = x2.PhaseMargin(1)
[wn,z] = damp(To1);
min_damp = min(z)
Peak_T = mag2db(norm(To2,Inf))
Peak_S = mag2db(norm(So2,Inf))
Peak_KS = mag2db(norm(KS2,Inf))
Peak_PS = mag2db(norm(PS2,Inf))
else
GM = NaN
PM = NaN
min_damp = NaN
Peak_T = NaN
Peak_S = NaN
Peak_KS = NaN
Peak_PS = NaN
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end
% Controller 3
wr2 = 150;
g = 0.1;
B2 = 90;
Kr = 100;
B1 = 0.8;
Roll_Off = tf([10*wr],[1 10*wr]);
K0 = g*tf([1 B2 wr2ˆ2],[1 B1 wrˆ2]);
K3 = K0*Roll_Off;
[Lo3,Li3,So3,Si3,To3,Ti3,KS3,PS3] = f_CLTFM(P,K3);
x1 = allmargin(Lo1);
if(x1.Stable==1)
GM = x1.GainMargin(1)
PM = x1.PhaseMargin(1)
[wn,z] = damp(To1);
min_damp = min(z)
Peak_T = mag2db(norm(To1,Inf))
Peak_S = mag2db(norm(So1,Inf))
Peak_KS = mag2db(norm(KS1,Inf))
Peak_PS = mag2db(norm(PS1,Inf))
else
GM = NaN
PM = NaN
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min_damp = NaN
Peak_T = NaN
Peak_S = NaN
Peak_KS = NaN
Peak_PS = NaN
end
% Closed Loop Sensitivity
w = logspace(2.5705,2.5821,200000);
sigma(So1,w);
title(Sensitivity);
grid on;
set(gca,fontsize,19);
pause;
hold on;
sigma(So2,w);
title(Sensitivity);
grid on;
set(gca,fontsize,19);
pause;
hold on;
sigma(So3,w);
title(Sensitivity);
grid on;
set(gca,fontsize,19);
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hold on;
legend(S1,S2,S3);
pause;
hold off;
sigma(To1,w);
title(Complementary Sensitivity);
grid on;
set(gca,fontsize,19);
pause;
hold on;
sigma(To2,w);
title(Complementary Sensitivity);
grid on;
set(gca,fontsize,19);
pause;
hold on;
sigma(To3,w);
title(Complementary Sensitivity);
grid on;
set(gca,fontsize,19);
hold on;
legend(T1,T2,T3);
pause;
hold off;
% Open Loop Families
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w = logspace(2.5705,2.5821,200000);
% Lo1
x = tf(Lo1);
y = x.num;
numTF =[y{1,:}];
y = x.den;
denTF =[y{1,:}];
w = logspace(2.5705,2.5821,200000);
Y = freqs(numTF,denTF,w);
y1 = abs(Y);
y2 = angle(Y);
l5 = subplot(2,1,1);
semilogx(w,20*log10(y1))
grid on
set(gca,fontsize,19);
ylabel(Magnitude (dB))
title(Open Loop)
hold on
l6 = subplot(2,1,2);
semilogx(w,y2*(180/pi))
grid on
set(gca,fontsize,19);
ylabel(Phase (deg))
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xlabel(Frequency (Rad/s))
pause;
hold on;
%Lo2
x = tf(Lo2);
y = x.num;
numTF =[y{1,:}];
y = x.den;
denTF =[y{1,:}];
w = logspace(2.5705,2.5821,200000);
Y = freqs(numTF,denTF,w);
y1 = abs(Y);
y2 = angle(Y);
l5 = subplot(2,1,1);
semilogx(w,20*log10(y1))
grid on
set(gca,fontsize,19);
ylabel(Magnitude (dB))
title(Open Loop)
hold on
l6 = subplot(2,1,2);
semilogx(w,y2*(180/pi))
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grid on
set(gca,fontsize,19);
ylabel(Phase (deg))
xlabel(Frequency (Rad/s))
pause;
% Lo3
x = tf(Lo3);
y = x.num;
numTF =[y{1,:}];
y = x.den;
denTF =[y{1,:}];
w = logspace(2.5705,2.5821,200000);
Y = freqs(numTF,denTF,w);
y1 = abs(Y);
y2 = angle(Y);
l5 = subplot(2,1,1);
semilogx(w,20*log10(y1))
grid on
set(gca,fontsize,19);
ylabel(Magnitude (dB))
title(Open Loop)
hold on
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l6 = subplot(2,1,2);
semilogx(w,y2*(180/pi))
grid on
set(gca,fontsize,19);
ylabel(Phase (deg))
xlabel(Frequency (Rad/s))
legend(L1,L2,L3);
pause;
hold off;
$$$$$$$$$$$$$$$$$$$$$$$$$$$
Multi-variable Controller Design
$$$$$$$$$$$$$$$$$$$$$$$$$$$
clear;
s=tf(’s’);
w0=2*pi*60;
wvec=logspace(-2,5,10000);
rl = 1;
wg = 2*pi*60;
En = 120*sqrt(3);
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Vg = 120;
Pn = 5000;
In = Pn./(3*Vg);
Zbase = Enˆ2./Pn;
Lbase = Zbase/wg;
Cbase = 1/(wg*Zbase);
Vdc = 400;
wg = 2*pi*60;
wsw = 2*pi*15000;
x = 10 * wg;
y = 0.5 * wsw;
w = logspace(2,5,200000);
% Resistances
R1 = 0.22;
R2 = 0.22;
L1 = (0.04951/2)*Lbase;
L2 = (0.04951/2)*Lbase;
Cd = 0.05*Cbase;
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Rd = 2.005859736582225;
A = [-(Rd+R1)/L1 (Rd/L1) (-1/L1);
(Rd/L2) -(Rd+R2)/L2 (1/L2);
(1/Cd) (-1/Cd) 0];
B = [(1/L1);
0;
0];
Bdo = [0;
(-1/L2);
0];
C = [0 1 0];
D = 0;
P = ss(A,B,C,D);
%Parameters for the coupled system
Lia = L1;
Lib = L1;
Lic = L1;
Lga = L2;
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Lgb = L2;
Lgc = L2;
Ca = Cd;
Cb = Cd;
Cc = Cd;
Rda = Rd;
Rdb = Rd;
Rdc = Rd;
R1a = R1;
R1b = R1;
R1c = R1;
R2a = R2;
R2b = R2;
R2c = R2;
n = 0.0001; % minimal leakage assumed
Miab = (1-n)*(Lia+Lib-Lic)*(0.5);
Miba = (1-n)*(Lia+Lib-Lic)*(0.5);
Mibc = (1-n)*(Lib+Lic-Lia)*(0.5);
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Micb = (1-n)*(Lib+Lic-Lia)*(0.5);
Miac = (1-n)*(Lia+Lic-Lib)*(0.5);
Mica = (1-n)*(Lia+Lic-Lib)*(0.5);
Mgab = (1-n)*(Lga+Lgb-Lgc)*(0.5);
Mgba = (1-n)*(Lga+Lgb-Lgc)*(0.5);
Mgbc = (1-n)*(Lgb+Lgc-Lga)*(0.5);
Mgcb = (1-n)*(Lgb+Lgc-Lga)*(0.5);
Mgac = (1-n)*(Lga+Lgc-Lgb)*(0.5);
Mgca = (1-n)*(Lga+Lgc-Lgb)*(0.5);
K = [ Lia -Miab -Miac 0 0 0 0 0 0;
-Miba Lib -Mibc 0 0 0 0 0 0;
-Mica -Micb Lic 0 0 0 0 0 0;
0 0 0 Lga -Mgab -Mgac 0 0 0;
0 0 0 -Mgba Lgb -Mgbc 0 0 0;
0 0 0 -Mgca -Mgcb Lgc 0 0 0 ;
0 0 0 0 0 0 Ca 0 0;
0 0 0 0 0 0 0 Cb 0;
0 0 0 0 0 0 0 0 Cc];
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Anom = [-(Rda+R1a) 0 0 Rda 0 0 -1 0 0;
0 -(Rdb+R1b) 0 0 Rdb 0 0 -1 0;
0 0 -(Rdc+R1c) 0 0 Rdc 0 0 -1;
Rda 0 0 -(Rda+R2a) 0 0 1 0 0 ;
0 Rdb 0 0 -(Rdb+R2b) 0 0 1 0;
0 0 Rdc 0 0 -(Rdc+R2c) 0 0 1;
1 0 0 -1 0 0 0 0 0 ;
0 1 0 0 -1 0 0 0 0 ;
0 0 1 0 0 -1 0 0 0 ];
Bnom = [1 0 0;
0 1 0;
0 0 1;
0 0 0;
0 0 0;
0 0 0;
0 0 0;
0 0 0;
0 0 0];
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Ap = inv(K)*Anom;
ev_nop=eig(A);
%%
Bp = inv(K)*Bnom;
Cp = [zeros(3) eye(3) zeros(3)];
Dp = [zeros(3)];
P_ss = ss(Ap,Bp,Cp,Dp);
[n_e,n_u]=size(P_ss);
%% Augment
Aug_elem= w02ˆ/(s2ˆ+1e-1*s+w02ˆ*eye(3);
P_aug=series(P_ss,Aug_elem);
%% Bilinear transformation
p2 = -1e20; p1 = -0.5;
[Ap,Bp,Cp,Dp]=bilin(P_aug.a,P_aug.b,P_aug.c,P_aug.d,1,’Sft_jw’,[p2 p1]);
P_bilin=ss(Ap,Bp,Cp,Dp);
%% Weight
Eps=0.1;
Ms=100;
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wb=1e-1;
W1 = tf([1/Ms wb], [1 wb*Eps])*eye(n_e);
Mu=0.001;
wbu=100;
Mu2=0.002;
wbu2=120;
W2 = 1e-10*[tf([1 wbu*Mu],[Eps wbu])]*eye(n_u);
% 0; 0 tf([1 wbu2*Mu2],[Eps wbu2])];
My=50;
wbc=20;
W3 = 1e-4*tf([1 wbc/My], [Eps wbc])*eye(n_e);
%% hinfopt
GenP=augw(P_bilin,W1,W2,W3);
[K_aug,CL,GAM]=hinfsyn(GenP,n_e,n_u,’method’,’ric’,’TOLGAM’,1e-3,’display’,
’on’);
%% inv bilin
[Acp1,Bcp1,Ccp1,Dcp1] = ssdata(K_aug);
K_BeforeInvBilin=K; % Backup K before inverse bilin transformation
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[Atk1,Btk1,Ctk1,Dtk1]=bilin(Acp1,Bcp1,Ccp1,Dcp1,-1,’Sft_jw’,[p2 p1]);
K=ss(Atk1,Btk1,Ctk1,Dtk1);
%% inv aug
K=series(Aug_elem,K);
[Lo,Li,So,Si,To,Ti,KS,PS] = f_CLTFM(P_ss,K);
disp(isstable(To));
$$$$$$$$$$$$$$$$$$$$$$$$$$$
Multivariable Controller with a Coupled Plant
$$$$$$$$$$$$$$$$$$$$$$$$$$$
clear;
rl = 1;
wg = 2*pi*60;
En = 120*sqrt(3);
Vg = 120;
Pn = 5000;
In = Pn./(3*Vg);
Zbase = Enˆ2./Pn;
Lbase = Zbase/wg;
Cbase = 1/(wg*Zbase);
%L = Lt * Lb;
Vdc = 400;
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wg = 2*pi*60;
wsw = 2*pi*15000;
x = 10 * wg;
y = 0.5 * wsw;
w = logspace(2,5,20000);
% Resistances
R1 = 0.22;
R2 = 0.22;
L1 = (0.04951/2)*Lbase;
L2 = (0.04951/2)*Lbase;
Cd = 0.05*Cbase;
Rd = 2.005859736582225;
A = [-(Rd+R1)/L1 (Rd/L1) (-1/L1);
(Rd/L2) -(Rd+R2)/L2 (1/L2);
(1/Cd) (-1/Cd) 0];
B = [(1/L1);
0;
0];
Bdo = [0;
(-1/L2);
0];
C = [0 1 0];
D = 0;
P = ss(A,B,C,D);
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%Parameters for the coupled system
Lia = L1;%(0.9)*L1;%(1.3)*L1;%
Lib = L1;%(1.15)*L1;%(0.8)*L1;%
Lic = L1;%(0.9)*L1;%(1.3)*L1;%
Lga = L2;
Lgb = L2;
Lgc = L2;
Ca = Cd;
Cb = Cd;
Cc = Cd;
Rda = Rd;
Rdb = Rd;
Rdc = Rd;
R1a = R1;
R1b = R1;
R1c = R1;
R2a = R2;
R2b = R2;
R2c = R2;
n = 0.0001; % minimal leakage assumed
Miab = (1-n)*(Lia+Lib-Lic)*(0.5);
Miba = (1-n)*(Lia+Lib-Lic)*(0.5);
Mibc = (1-n)*(Lib+Lic-Lia)*(0.5);
Micb = (1-n)*(Lib+Lic-Lia)*(0.5);
Miac = (1-n)*(Lia+Lic-Lib)*(0.5);
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Mica = (1-n)*(Lia+Lic-Lib)*(0.5);
Mgab = (1-n)*(Lga+Lgb-Lgc)*(0.5);
Mgba = (1-n)*(Lga+Lgb-Lgc)*(0.5);
Mgbc = (1-n)*(Lgb+Lgc-Lga)*(0.5);
Mgcb = (1-n)*(Lgb+Lgc-Lga)*(0.5);
Mgac = (1-n)*(Lga+Lgc-Lgb)*(0.5);
Mgca = (1-n)*(Lga+Lgc-Lgb)*(0.5);
K = [ Lia -Miab -Miac 0 0 0 0 0 0;
-Miba Lib -Mibc 0 0 0 0 0 0;
-Mica -Micb Lic 0 0 0 0 0 0;
0 0 0 Lga -Mgab -Mgac 0 0 0;
0 0 0 -Mgba Lgb -Mgbc 0 0 0;
0 0 0 -Mgca -Mgcb Lgc 0 0 0 ;
0 0 0 0 0 0 Ca 0 0;
0 0 0 0 0 0 0 Cb 0;
0 0 0 0 0 0 0 0 Cc];
Anom = [-(Rda+R1a) 0 0 Rda 0 0 -1 0 0;
0 -(Rdb+R1b) 0 0 Rdb 0 0 -1 0;
0 0 -(Rdc+R1c) 0 0 Rdc 0 0 -1;
Rda 0 0 -(Rda+R2a) 0 0 1 0 0 ;
0 Rdb 0 0 -(Rdb+R2b) 0 0 1 0;
0 0 Rdc 0 0 -(Rdc+R2c) 0 0 1;
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1 0 0 -1 0 0 0 0 0 ;
0 1 0 0 -1 0 0 0 0 ;
0 0 1 0 0 -1 0 0 0 ];
%Bnom = [1 0 0 0 0 0;
% 0 1 0 0 0 0;
% 0 0 1 0 0 0;
% 0 0 0 0 0 0;
% 0 0 0 0 0 0;
% 0 0 0 0 0 0;
% 0 0 0 -1 0 0;
% 0 0 0 0 -1 0;
% 0 0 0 0 0 -1];
Bnom = [1 0 0;
0 1 0;
0 0 1;
0 0 0;
0 0 0;
0 0 0;
0 0 0;
0 0 0;
0 0 0];
A = K\Anom%inv(K)*Anom;
ev_nop=eig(A);
A_other = inv(K)*Anom
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%%
B = inv(K)*Bnom;%inv(K)*Bnom;
C = [zeros(3) eye(3) zeros(3)];
D = [zeros(3)];% zeros(3)];
P = ss(A,B,C,D);
sigma(P,w);
title(Plant Singular Values);
grid on;
pause;
%%
Q = eye(9);
R = eye(3);
[K,S,E] = lqr(A,B,Q,R);
A_CL = A - B*K;
disp(Nominal closed loop poles with LQR);
disp(eig(A_CL));
%%
load K_smart_grid;
[Lo,Li,So,Si,To,Ti,KS,PS] = f_CLTFM(P,K);
disp(Closed Loop Poles with the H-Infinity Controller);
eig(To.A)
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sigma(So,w);
title(Closed Loop Sensitivity);
grid on;
set(gca,fontsize,19);
pause;
{
Comparison of an L and an LCL Filter}
clear;
%% Comparing attenuation for L versus LCL
wg = 2*pi*60;
X1 = 0.049999999;
X2 = 0.049999999;
Xc = 135.1153575;
h = 1:1:300; %harmonic number
H = 1./( (h).*abs(X1+X2-(h.ˆ2).*(X1.*X2./Xc)) );
H = log10(H);
plot(h,H);
grid on;
xlabel(Harmonic number);
ylabel(Plant transfer function);
set(gca,fontsize,19);
pause;
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hold on;
H_l = 1./(h.*(X1+X2));
H_l = log10(H_l);
plot(h,H_l);
grid on;
xlabel(Harmonic number);
ylabel(Plant transfer function);
set(gca,fontsize,19);
pause;
legend(LCL filter,L Filter);
{
Variation of the THD with rf}
clear;
Lt = 0.04951;
l = Lt;
c = 0.05;
i = 0;
for rf = 3:(9-3)/100:9
i = i + 1;
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rl = 1;
wg = 2*pi*60;
En = 120*sqrt(3);
Vg = 120;
Pn = 5000;
In = Pn./(3*Vg);
Zb = Enˆ2./Pn;
Lb = Zb/wg;
Cb = 1/(wg*Zb);
%L = Lt * Lb;
Vdc = 400;
wg = 2*pi*60;
wsw = 2*pi*15000;
W_res = 1./sqrt([rl/(rl+1)ˆ2]*Lt.*Lb.*c.*Cb); %radian
rq = c/l;
rl = 1;
q = [(rq-1)./sqrt(rq)]*[(1+rl)/sqrt(rl)]*[wg/W_res];
p = 1;
pf = p./sqrt(p.ˆ2+q.ˆ2);
m = [2.*sqrt(2).*Vg./Vdc].*sqrt(1 + [Lt]ˆ2);%[Lt/Lb]ˆ2);
mf = 15000/60;
fm = sqrt( [(3/2).*m.ˆ2] - [4.*sqrt(3).*m.ˆ3./pi] + [(9./8)*((3./2)-(9.*sqrt(3)./(8*pi))).*m.ˆ4]
);
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ig_THD(i) = [pi./12]*[Vdc./Vg].*[sqrt(rq)./rf.ˆ3].*[sqrt(rl)./(1+rl)].* [1./([1-(6./mf)].ˆ2-
[1./(rf.ˆ2)]) ] .*fm;
end
rf = 3:(9-3)/100:9;
plot(rf,ig_THD);
grid on;
set(gca,fontsize,19);
title(Variation of the THD with rf);
xlabel(r_f);
ylabel(THD);
pause;
{
Comparison of the Damped and Undamped Filters}
%% Basic Data
clear;
rl = 1;
wg = 2*pi*60;
En = 120*sqrt(3);
Vg = 120;
Pn = 5000;
In = Pn./(3*Vg);
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Zb = Enˆ2./Pn;
Lb = Zb/wg;
Cb = 1/(wg*Zb);
%L = Lt * Lb;
Vdc = 400;
wg = 2*pi*60;
wsw = 2*pi*15000;
x = 10 * wg;
y = 0.5 * wsw;
w = logspace(2,5,200000);
%% Plant 1 (LCL)
% Resistances
R1 = 0;%0.22;
R2 = 0;%0.22;
L1 = (0.04951/2)*Lb
L2 = (0.04951/2)*Lb
Cd = 0.05*Cb
Rd = 0;
A = [-(Rd+R1)/L1 (Rd/L1) (-1/L1);
(Rd/L2) -(Rd+R2)/L2 (1/L2);
(1/Cd) (-1/Cd) 0];
B = [(1/L1);
0;
0];
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Bdo = [0;
(-1/L2);
0];
C = [0 1 0];
D = 0;
P1_undamped = ss(A,B,C,D);
% Resistances
R1 = 0;%0.22;
R2 = 0;%0.22;
L1 = (0.04951/2)*Lb
L2 = (0.04951/2)*Lb
Cd = 0.05*Cb
Rd = 2.005859736582225;
A = [-(Rd+R1)/L1 (Rd/L1) (-1/L1);
(Rd/L2) -(Rd+R2)/L2 (1/L2);
(1/Cd) (-1/Cd) 0];
B = [(1/L1);
0;
0];
Bdo = [0;
(-1/L2);
0];
C = [0 1 0];
D = 0;
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P1_damped = ss(A,B,C,D);
%%
x = tf(P1_undamped);
y = x.num;
numTF =[y{1,:}];
y = x.den;
denTF =[y{1,:}];
Y = freqs(numTF,denTF,w);
y1 = abs(Y);
y2 = angle(Y);
l5 = subplot(2,1,1);
semilogx(w,20*log10(y1))
grid on
set(gca,fontsize,19);
ylabel(Magnitude (dB))
title(Comparison of a damped and an undamped LCL filter)
hold on
l6 = subplot(2,1,2);
semilogx(w,y2*(180/pi))
grid on
set(gca,fontsize,19);
ylabel(Phase (deg))
xlabel(Frequency (Rad/s))
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hold on;
x = tf(P1_damped);
y = x.num;
numTF =[y{1,:}];
y = x.den;
denTF =[y{1,:}];
Y = freqs(numTF,denTF,w);
y1 = abs(Y);
y2 = angle(Y);
l5 = subplot(2,1,1);
semilogx(w,20*log10(y1))
grid on
set(gca,fontsize,19);
ylabel(Magnitude (dB))
title(Comparison of a damped and an undamped LCL filter)
hold on
l6 = subplot(2,1,2);
semilogx(w,y2*(180/pi))
grid on
set(gca,fontsize,19);
ylabel(Phase (deg))
xlabel(Frequency (Rad/s))
legend(Undamped LCL Filter,Damped LCL Filter);
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